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A section on a genus g canonical curve C is identified as the key tool to prove new results 



. on the geometry of the singular locus Qg of the theta divisor. The K divisor is characterized by 

the condition of linear dependence of a set of quadrics containing C and naturally associated to 



a degree g effective divisor on C. K counts the number of intersections of special varieties on 
the Jacobian torus defined in terms of G,;. It also identifies sections of line bundles on the moduli 
, space of algebraic curves, closely related to the Mumford isomorphism, whose zero loci characterize 

special varieties in the framework of the Andreotti-Mayer approach to the Schottky problem, a 
^ ' result which also reproduces the only previously known case 5 = 4. 

d ' This new approach, based on the combinatorics of determinantal relations for two-fold prod- 

ucts of holomorphic abelian differentials, sheds light on basic structures, and leads to the explicit 
expressions, in terms of theta functions, of the canonical basis of the abelian holomorphic differ- 
entials and of the constant defining the Mumford form. Furthermore, the metric on the moduli 
space of canonical curves, induced by the Siegel metric, which is shown to be equivalent to the 
Kodaira-Spencer map of the square of the Bergman reproducing kernel, is explicitly expressed in 
terms of the Riemann period matrix only, a result previously known for the trivial cases g = 2 and 
g = 3. Finally, the induced Siegel volume form is expressed in terms of the Mumford form. 
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1. Introduction 

In this paper we introduce a new approach leading to tlie characterization of the geometry 
of the singular locus of the theta divisor. The starting point concerns the determinant al relations 
satisfied by the two-fold products of holomorphic abelian diff'erentials of combinatorial nature 
introduced in Q and here fully developed. The approach also leads to several results concerning 
canonical curves, we will summarize shortly. The key object in the investigation is the section K oia 
suitable line bundle on a canonical curve, which is naturally defined in terms of the determinantal 
relations and encodes the geometry of the singular locus Qs of the theta divisor. It satisfies 
remarkable properties and identifies sections on the moduli space of canonical curves characterizing 
the geometry of O^- For g = 4 it leads to the Hessian of the theta function, evaluated at Qg, whose 
vanishing characterizes the Jacobian locus. While this was the only previously known case of the 
explicit characterization of the Jacobian, it turns out that K has similar properties which extend 
to arbitrary genus. In other words, the section K is the key building block to construct the higher 
genus generalization of the sections on the moduli space of algebraic curves characterizing the 
geometry of Qs that for g = 4 reduces to the Hessian of the theta function. 

In the present investigation a central role is played by Petri's work Q and the Andreotti-Mayer 
paper Q. Petri's Theorem determines the ideal of canonical curves of genus g > 4 hy means of 
relations among holomorphic differentials (see also As emphasized by Mumford, Petri's 

relations are fundamental and should have basic applications (pg.241 of [^). Petri's construction 
relies on the definition of a basis of holomorphic abelian differentials which is, in some sense, "dual" 
to a (7-tuple of distinct points on the curve. Schematically, for a canonical curve C of genus g > 3, 

distinct points pi, . . . ,pg £ C < — > basis di, . . . , Ug of H^{Kc) , 

where pi, . . . ,pg G C and {ai\i<,i<,g is basis of H^{Kc), with Kc the canonical line bundle on 
C, such that (Ji{pj) = if and only if z 7^ j, 1 < i,j < g. Such a condition determines the basis 
{o'i}i<i<g up to a non-singular diagonal transformation. 

Max Noether's Theorem assures that, for non-hyperelliptic Riemann surfaces, the space of 
holomorphic n-differentials, with n > 1, is generated by n-fold products of abelian differentials. 
Under general conditions on the dual (7-tuple of points, Petri's basis can be used to explicitly con- 
struct bases of holomorphic n-differentials. Such a procedure leads to the Enriques-Babbage-Petri 
Theorem, according to which the ideal of a (non-singular) canonical curve, with few exceptions, 
is generated by quadrics. The exceptions are the trigonal curves and the smooth plane quintics, 
which can be obtained as complete intersections of quadrics and cubics. 

The idea of constructing bases of holomorphic n-differentials in terms of n-fold products of 
abelian differentials is very powerful; in some sense, it may be used to mimic analogous construc- 
tions in the hyperelliptic case, which, for example, lead to explicit results for the Mumford form at 
genus 2. In particular, it would be useful to connect determinants of n-differentials to determinants 
of 1-differentials. This amounts to a non-trivial combinatorial problem which is of interest on its 



own, and is solved in section 2.3. Determinants of holomorphic n-differentials can be used to the 
definition of some Petri-like bases of n-differentials, with also provides a standard normalization 
procedure which is lacking in the original Petri approach. This is crucial in order to ensure the 
modular invariance of such Petri-like bases, once one chooses a marking for the Riemann surface 
and define such bases in terms of Riemann theta functions. 

As the most direct application of the construction, we will determine a necessary and sufficient 
condition for suitable sets of two-fold and three-fold products of holomorphic abelian differentials 
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to be linear independent generators for the spaces of, respectively, holomorphic quadratic and cubic 
differentials. The analysis of such a condition is developed in several steps in section ^ and results 
in Theorem 4.18| . In particular, in the case of two-fold products, such a condition is deeply related 



to the geometry of the singular locus of the theta divisor associated to the Riemann surface. This 
leads to the definition of two sections of suitable line bundles on the curve, we will denote by H and 
K, depending on the points "dual" to the basis of abelian differentials, which vanish exactly when 
the two-fold products fail to be a basis of holomorphic 2-differentials. The divisor of such sections 
(in particular, of the section K) represents the key for a deeper understanding of the geometry of 
the singular locus Gg of the theta divisor; Theorem 4.19| is a remarkable application of such an 
approach and one of the main results of this paper. 

The two-fold products of holomorphic 1-differentials also correspond to the generators of the 
symmetric product Sym^(i/'^(i^c')), which is a M-dimensional vector space, with M := g{g + l)/2. 
On the other hand, the space H^{K^) is A'^-dimensional, with N = 3{g — 1), so that the natural 
homomorphism V': Sym^(if°(i^C')) — > H^{K^) has a kernel of dimension M — A'' = {g — 2){g — 3) /2. 
A basis of ker ^l> can be described in two different ways: 

a) A set of M — A'^ linearly independent relations among holomorphic quadratic differentials 

9 

E Cl,,ri,ri,=0 , k = N+l,...,M , 

where {?7i}i<i<g is a basis of H^{Kc) and {C^}Ar<fc<M is a set of linearly independent elements 

b) The choice of a basis {'r]i}i<i<g of H^{Kc) determines a canonical embedding of a non- 
hyperelliptic Riemann surface as a canonical curve into IPg-i via C 3 p i^i{p), • • • > V^iv)) £ 
Pg_i; in other words, each r]i, 1 < i < g, is identified with a projective coordinate Xi of Fg-i- 
Under such an identification, a basis of ker tp corresponds to a set of generators 

9 

Cl,.XiXj = , k = N + l,...,M, 
of I2, the ideal of quadric passing through the curve C. 

As mentioned above, by the Enriques-Babbage-Petri Theorem, in most cases, canonical curves 
are complete intersections of quadrics in IPg-i, so that the knowledge of the generators of I2 
completely determines the curve. 

However, this is not the only motivation for the interest in I2. A classical result due to Riemann 
shows that each double point e on the singular locus of the theta divisor connected to the Riemann 
surface (with marking) corresponds to a relation among holomorphic quadratic differentials 

9 

E %(e)wiWj = , (1.1) 

with respect to the canonical basis {a;i}i<i<g of H^{Kc)- Equivalently, such a relation represents 
an element in I2, which can be easily proved to be a quadric of rank r < 4. The interest in 
the study of the ideal I2 was renewed by the work of Andreotti and Mayer The motivation 
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for their analysis is strictly related to the Schottky problem, which amounts to the definition of 
necessary and sufficient conditions for a principally polarized abelian variety (ppav) to correspond 
to the Jacobian torus of a Riemann surface. In their beautiful construction, Andreotti and Mayer 
proposed to characterize the Jacobian locus (denoted by Jg for the non-hyperelliptic Riemann 
surfaces and Hg for hyperelliptic ones) inside the moduli space Ag of ppav's, through the dimension 
of the singular locus of the theta divisor. More precisely, they showed that Jg (resp., Hg) is a 
component of Mg-/^ C Ag (resp., Mg-j, C ^g), where A/fc is the locus of the ppav's such that 
dim 0s > /c. As a crucial point in such a construction, they proved that, for each trigonal curve, 
the ideal I2 is generated by relations in the form ( |1.1| ) , as e varies in . Such a result has received 
many remarkable generalizations, among which at least two deserve citation: Arbarello and Harris 
proved that the relations (|l.l| ) generate I2 for g <^ and that, for all (7, they generate all the 
quadrics of rank < 4; finally. Green Q proved that such relations generate I2 for all genera, so 
that, as a consequence, I2 can be generated by quadrics of rank < 4 only. 

In this respect, some fundamental problems are still unsolved. First of all, a procedure to 
determine a finite set of (possibly linearly independent) generators for I2 in the form ( |1.1D , is still 
lacking. More generally, no explicit expression of the coefficients in terms of the Riemann 

period matrices, that is, in terms of theta constants or modular forms, is actually known. In view 
of the Andreotti and Mayer construction, such a result may represent a key step toward an explicit 
solution of the Schottky problem, i.e. as a characterization of the Jacobian locus by algebraic 
conditions on suitable modular forms, similar to the Schottky relation at genus 4 [^. 



1.1. Main results 

In this paper we introduce a new approach to the above problems and the definition of some 
powerful tools for their analysis. The main results of the present investigation concern: 

- Several alternative expressions for M — N = {g — 2)(g — 3)/2 linearly independent coefficients 
iji k = N + 1, . . . , M, depending both on the Riemann period matrix and on g — 2 points 
Psi ■ ■ ■ iPg S C (Theorem 5.7 and Corollary 5.12). 



The correspondence between each relation and a combinatorial identity among Riemann theta 
functions evaluated on points of the Riemann surface (Theorem ^.lOp . 

The expansion of the relation ( |1 . 1| ) , for all e S 0s, with respect to the relations given by the 
coefficients ■ (Lemma |5. 161) . 



The connection between a zero of the section K, which corresponds to a point e € Bs, and 
the relation among holomorphic quadratic differentials given by ( |1 . 1\ ) at e. More precisely, 
it turns out that = is a sufficient condition for the existence of a linear relation among 



a suitable set of A'^ holomorphic 2-differentials; Theorem |5.17| identifies such a relation with 
Eq.(l.l), with respect to the corresponding point e € G^. 



A long standing problem in the study of Riemann surfaces, which arises for example in inves- 
tigating the Schottky problem or in constructing modular forms, is that some basic constants, 
such as the Mumford form, have an expression that needs the use of points on C. On the other 
hand, such quantities should be expressed in terms of ThetanuUwerte and, via the higher genus 
generalization of the Jacobi identities, of the related Jacobian Nullwerte. Here we introduce 
a new general strategy which is based on the idea of identifying the divisors with the one 
defining spin structures. In doing this one has to consider several intermediate problems. For 
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example, the Mumford form, as many other basic quantities, is expressed in terms of determi- 
nants of holomorphic differentials and, in particular, of the determinant of the canonical basis 
{uJi}i^jg of H^{Kc)- Looking for expressions where only the ThetanuUwerte and the Jacobian 
NuUwerte appear, requires expressing det u>i{pj) in terms of theta functions only. Further- 
more, another problem concerning det uJi{pj) is to consider the g(-points pi, . . . ,pg as defining 
spin structures associated to divisors of degree g — 1- As we will see, this question is strictly 
related to the problem of expressing det uji{pj) without the use of the 5/2-differential a and 
of the constant k,[uj]. It turns out that there exists a natural solution leading to the explicit 
expression of basic quantities in terms of divisors defining spin structures. In particular, we 
first explicitly express the abelian holomorphic differentials in terms of theta functions only, 
a result previously known in the trivial elliptic case. This also implies the expression for the 
basic constant K[io] (that, as we will see, needs an important refinement leading to our 
a problem also related to the definition of the g'/2-differential a, the carrier of the holomorphic 
and gravitational Liouville anomalies, well-known in string theories) usually defined in terms 
of det uJi{pj), corresponding to the main building block of the Mumford form. We then will 
obtain the explicit expression for products of Kj^^. [tu] in terms of theta functions with spin 
structures whose arguments involve the difference of points belonging to the divisors of such 
spin structures. The present approach seems having interesting consequences which extend 
to branches related to the theory of Riemann surfaces, including the theory of Siegel modular 
forms. 

The metric ds'^^^ on the moduli space Mg of genus g canonical curves induced by the Siegel 
metric, is expressed in terms of the Riemann period matrix, a result previously known for the 
trivial cases g = 2 and g = 3. It turns out that such a metric is equivalent to the Kodaira- 
Spencer map of the square of the Bergman reproducing kernel. Furthermore, the induced 
Siegel volume form is expressed in terms of the Mumford form. 



The combinatorial Lemma p.5| , regarding the expansion of a determinant of holomorphic 2- 
differentials in terms of determinants holomorphic abelian differentials, is related to the Mum- 
ford isomorphism A2 — X\^, where A^, i > 1, is the determinant line bundle on the moduli 
space M.g, with fiber /\*°^ at the point representing C. In particular, the section K 

plays again a key role. For g = 3, K is in fact a constant on C, and is proportional to ^'g, a 
square root of the modular form \I'i8 of weight 18. For 5^ = 4, by taking a suitable product 
of the sections K''s, the dependence on the points of C can be eliminated, and the resulting 
quantity is proportional to the Hessian of the theta function det^j 9ij{e), where e is one of the 
two (generally distinct) points of Qg- 

Remarkably, a conjecture by H. M. Farkas |^] has been recently proved |1C], according to 
which, the vanishing of such a Hessian characterizes the elements in J'4 among the ppav's 
with a vanishing theta-null. Note that all such ppav's are elements of Aq (i.e. the locus of 
ppav's with non-empty @s)] according to |11| it turns out that for 5 = 4, A/q is given by the 
union of such a locus and and in this case such a result, together with the Andreotti-Mayer 
criterium, completely characterizes J74. Sections with well-defined properties under modular 
transformations can similarly be constructed in terms of the section K for 5 > 5; in this sense, 
K appears as a powerful tool for the study of 0s and, more generally, of the geometry of the 
moduli space. We provide explicit examples for g = 5 and for any even genus. 
The above construction was initiated in [12]|l|, in relation to the investigation in [I3| concern- 



5 



ing the g > 2 generalization of the remarkable D'Hoker and Phong formula [14| for the four point 
superstring amplitude. 

Before reporting on the plan of the paper we remind some other basic facts about the Schottky 
problem. According to the Novikov's conjecture, a indecomposable ppav is the Jacobian of a genus 
g curve if and only if there exist vectors U ^ 0,V,W G such that u{x,y,t) = 2d^log9{Ux + 
Vy + Wt + zq, Z), satisfies the Kadomtsev-Petviashvili (KP) equation 3uyy = {4:Ut + 6uUx —Uxxx)x- 



Relevant progresses on such a conjecture are due, among the others, to Krichever [15|, Dubrovin 
1 16] and Mulase [17|. Its proof is due to Shiota A basic step in such a proof concerned the 
existence of the r- function as a global holomorphic function in the {ti}, as clarified by Arbarello 



and De Concini in [19|, where it was shown that only a subset of the KP hierarchy is needed 
Their identification of such a subset is based on basic results by Gunning and Welters [21| |22| 
characterizing the Jacobians by trisecants (see also [p3| and 



)■ 



The Schottky problem is still under active investigation, see for example |Q |Q |^ |Q 
for further developments. In particular, Arbarello, Krichever and Marini proved that the Jacobians 
can be characterized in terms of only the first of the auxiliary linear equations of the KP equation 
1 31] [32]. Very recently Krichever ]33] has proved the conjectures by Welters ]p2| . 



1.2. Plan of the paper 

- In section |2| we first present some useful result on tensor products of vector spaces. Then, 
in subsection |2.3| , two combinatorial lemmas are proved. Consider a finite set of functions 
from an arbitrary set 5 to a commutative field, and consider the two-fold products // of 
such functions. Under certain conditions, we will prove that the determinant of such two-fold 
products det f fi{xj) evaluated on a suitable number of elements Xj £ S, can be obtained by 
skew-symmetrization of a product of determinants of the form det fi{xj). Such a result, which 
reveals new structures concerning determinantal properties, whose interest is not restricted to 
the theory of algebraic curves, plays a central role in the present investigation. 

- In section ^, after introducing some facts on theta functions and the Jacobian torus we derive 
relations among higher order theta derivatives and holomorphic differentials which will be 
used later. 

- In section |^, Petri-like bases of holomorphic n-differentials are defined. Then, we consider 
the construction of sets of quadratic and cubic differentials in terms of two- and three-fold 
products of holomorphic abelian differential and give necessary and sufficient conditions for 
such sets to be bases of H^{K^) and H^{K^). Such considerations will lead to the definitions 
of two sections, denoted by H and K (Eqs.( pl34 ) and ( fl.37| )). The section K will then lead 
to the characterization of the special locus of the theta divisor (Theorem |4.19 ). 

- The bases defined in section ^ are the basic tool for the derivation, developed at the beginning 
of section |5|, of M — A'^ linear independent relations among holomorphic quadratic differentials 
obtained as two-fold products of holomorphic abelian differentials. The coefficients appearing 
in such relations depend on the points pi, . . . ,pg determining the basis of H^{Kc) by propo- 
sition ( [4.61 ). After considering the consistency conditions on such coefficients, it is shown that 
such relations correspond to new non-trivial identities among theta functions and prime forms 



evaluated on arbitrary points of the Riemann surface (Theorems ^.9| and 5.10 ). It should be 



emphasized that such identities follow by the combinatorial Lemmas 2.5 and 2.7, and by the 



Fay's trisecant identity, so that no analogous result is expected for theta functions defined on 
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arbitrary ppav's (i.e., outside the Jacobian locus). Furthermore, the coefficients are shown to 
be related to the section ET, so leading to two main consequences. First, the dependence on 
a pair of points pi,P2 can be eliminated (Corollary ^.12| ). Then, the connection among the 
relations obtained and Eq.(I.l) is clarified: each point on Qg corresponds, in some sense, to 



a zero of the section K, that is, to the failure for the associated set of holomorphic quadratic 
differentials, built in proposition [4.5| , to be a basis of H^{K^,). The linear relation arising 
among such holomorphic quadratic differentials just corresponds to Eg . ( [I . ![) . 

The case of the curves of genus four is somewhat special, since a unique relation exists. This 
subject is considered in a separate subsection, where it is shown that in this case K is deeply 
related to the Hessian of the theta function evaluated on a singular point. Furthermore, an 
expression for the coefficients completely independent of the points pi,...,pi is obtained. 
Finally, in the last subsection, the techniques developed in this section and the bases defined 



in proposition |4.8| are applied to the derivation of the relations among holomorphic cubic 
differentials. In view of the Enriques-Babbage- Petri Theorem, this is a very interesting subject 
which deserves further study along the lines described in this article. 

In section ^ it is shown that the use of the distinguished bases for the holomorphic differentials 
leads to a straightforward derivation of the Fay's trisecant identity. We then show that the 
canonical basis of the abelian holomorphic differentials can be expressed purely in terms of 
theta functions. This also implies an expression for the basic building block of the Mumford 
form given in terms of theta functions only. 

In section ^ we first provide the explicit expression of the metric c^s^^ on the moduli space 

A4g of genus g canonical curves induced by the Siegel metric, which was known only in trivial 
cases g = 2 and g = 2>. It turns out that ds^j^ can be also expressed as the Kodaira-Spencer 

map of the square of the Bergman reproducing kernel (times 47r^). By Wirtinger Theorem 
the explicit expression for the volume form on Aig is also obtained. Furthermore, a notable 
relation satisfied by the determinant of powers of the Bergman reproducing kernel is proved. 
Such results are a natural consequence of the present approach, which also uses, as for the 
derivation of ds^^^ , the isomorphisms introduced in section ^. 



In section ^ we first use the construction of section |6.2| to derive an expression for the Mumford 
form which does not involve any determinant of holomorphic 1-differentials. Furthermore, 
we express the volume form dv\^ , induced by the Siegel metric, in terms of the Mumford 
form. Next, by means of the Mumford isomorphism we investigate the modular properties 
of K{ps, . . . ,pg) in order to construct sections of bundles on A4g. For g = 2 and g = 3 
such sections reproduce the building blocks for the Mumford form. For g = 4, a modular 
form on the Jacobian locus is obtained, which is proportional to the Hessian of the theta 
function evaluated on Qg- This is a remarkable result in view of [^[IC], where it is shown 



that the vanishing of such a Hessian on the Andreotti-Mayer locus A/q = J74 U Onuii, where 
Gnuii C A4, is the locus of the ppav's with a vanishing theta-null, characterizes the intersection 
•Ji n 6 null- This indicates that the sections on A^^ built in terms of K may be considered 
as generalizations to 5 > 4 of such a Hessian, thus providing a tool for the analysis of the 
geometry of 0s and of the Andreotti-Mayer locus Afg-4. We explicitly construct such sections 
for even genus and for the case g = 5. 
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2. Two combinatorial lemmas on determinants of symmetric products 

Determinants of holomorphic quadratic differentials play a crucial role in our construction. 
In particular, in the following sections, we will construct bases of H^(K^) in terms of two-fold 
products of holomorphic abelian differentials. In this section, we will consider the purely combina- 
torial problem concerning the determinants of a basis of a two-fold symmetric product of a finite 
dimensional space of functions. We first introduce a very useful notation for symmetric tensor 
products of vector space, which we will adopt all along the paper; then we derive two lemmas on 
determinants which are of interest on their own. 



2.1. Identities induced by the isomorphism C 

Definition 2.1. For each n € Z>o, set /„ 
tions of n elements. 



Sym"C9 



{1, . . . , n} and let Vn denote the group of permuta- 



Let V he a y-dimcnsional vector space and let 



be the dimension of the n-fold symmetrized tensor product Sym^V. We denote by 

Sym^y 3rii-ri2---rin-= ^ Vsi <^ Vs2 ^ ■ ■ ■ <^ Vsr, , 

the symmetrized tensor product of an n-tuple {rji , . . . , rjn) of elements of V. 



Fix a surjection m : Ig x Ig 



Im, M := M2 = g{g + l)/2, such that 
m{i,j) = in{j,i) , 



(2.1) 



i,j G Ig. Such a surjection corresponds to an isomorphism 



Sym C-'' with em(i,j) i-^ • e 



0- 



e^., with 



A useful choice for such an isomorphism is considered in the following definition. 

Definition 2.2. Let A : ^ Sym^O, M = Ma, be the isomorphism A{ei) := ei, 
{^i}ieiM canonical basis of and 

{hi) , i<i<g, 
{l,i-g + l), g + l<i<2g-l 

(ii,2il:=<J (2,i-2<7 + 3), 2g<i<3g-3, 



, i = gig+l)/2 , 

so that liii is the i-th. element in the M-tuple (11, 22, . . . , 5(7, 12, . . . , l^i, 23, . . .). Similarly, let 
{ei}i^ij^ be the canonical basis of C^^^, and fix an isomorphism A : — > Sym'^C^, M3 := 



5(5 + l)(5 + 2)/6, with A{ei) := (61^,62,, 



[1, 1,1) , 

(l,l,z-5 + 2) , 
{2,2,i-2g + 4) , 
{l,2,i-3g-A) , 
{l,i-Ag + 6,i-4.g + 6) , 
{2,i-5g + 8,i-5g + 8) , 



s , whose first 65 — 8 elements are 

i<i<g , 

g + l<i<2g-2 , 
2g-l<i<3g-A 
35 - 3 < i < 4sf - 4 
45 - 3 < i < 5sf - 6 
55-5 < i < 6sf-8 
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As we will see, we do not need the explicit expression of A{ei) for 6g — 8 < i < M3. In general, 
one can define an isomorphism A : C^'^" Sym"C^, with A{ei) := (ci.,... ,6^), by fixing the 
n-tuples (li, . . . ,ni), i E /m„; in such a way that li < 2^ < . . . < rii. 

For each vector u := ^{ui, . . . ,Ug) G and matrix B E Mg{C), set 

n times me{i,...,n} n times se-p„ me{i,...,n} 

i,j E /m„) where the product is the standard one in C. In particular, let us define 

g 



X- — V 'I 



fc=l Ve{i,...,n} ^ 



^ £ -^M„) (we will not write the superscript (n) when it is clear from the context) where 5 denotes 
the identity matrix, so that, for example, 

Xf ^ = 1 + , Xf ^ = (1 + 5.... + <5..3J(1 + '^..3 J • 

Such a single indexing satisfies basic identities, repeatedly used in the following. 

Lemma 2.3. Let V be a vector space and f an arbitrary function f : Ig ^ V , where Ig := 
Ig X . . . X Ig (n times). Then, the following identity holds 

9 M„ 
E f{h,...,Zn) = ^X-' ^ f{si^h,---,sin),) , (2.2) 

ii,...,i„ = l i = l seVn 

that, for f completely symmetric, reduces to 

9 M„ 

/(ii,...,i„) = n! J]xrV(i.,---,nO • (2.3) 

ii,...,i„ = l 1=1 



Proof. Use 



) • • • ) "s^ 



iifc = lVZ^m=l "kim)- 



ii,...,i„ = l i„>...>ii = l s6P„ 

□ 



Note that n®" = (g) . . . u is an element of Sym"C^? = C^^", for each -u E . By (|]D, the 
following identities are easily verified 



i=l i,j = l 
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where C^" 9 = e ■ ■ ■ G Sym"Cs, i G 7m„- Furthermore, 

X-\B ■ . . B)ij{C ■ ■ ■ C)jk = HBC) ■ ■ ■ {BC)U , (2.4) 
where B,C are arbitrary g x g matrices. This identity yields, for any non-singular B 

E X-'Xk\B ■ . . B)ij{B-^ ■ ■ ■ B-')jk = iS--- 6UXk' = ^ik , (2.5) 

and then 

deti,- ((S • ■ ■ B)ijxf) detij {{B-^ ■ ■ ■ B-%xf) = 1 • (2.6) 

Also observe that 

M„ g 

ll^---n, = llnj''- , (2.7) 

i=l k=l 

where the product and the exponentiation are the standard ones among complex numbers; in 
particular, 

M g 
i=l k=l 

In the following we will denote the minors oi {B ■ ■ ■ B) by 

\B ■ ■ ■ B\l-Y := det {B ■ ■ ■ B)ij , 

k, ■ ■ ■,im,ji, ■ ■ ■ Jm e Im„, with m G Im„- 
Definition 2.4. Fix g,n € Z>o. Set 

Im„ D In""^ := € ImJ li = 2i = . . . = m} . 

Fix I < g and a, ai, . . . , a/ E Ig and define the following subsets of Im„ 



In ■■= 


G Im„ I li = a V 2i = a V . , 


. . V = a} , 


Tai...ai ._ 
n 


= U ' 




Taia2 

J-N ■ — 






Im„,i ■= 


J1...1 
n 





10 



2.2. Determinantal combinatorics 



In this section, we will consider a general surjection m : Ig x Ig Im, satisfying Eg. ( p.!]) . 
For example, by using the construction of section ^, it is possible to define m so that m{ii, li) = 



m{ii, li) = i, i E Im; the corresponding isomorphism is A, defined in Definition 2/2 
For each morphism s : Im Im consider the ^(-tuples d^{s), k G Ig+i, where 

d){s) = di+\s) = s^^.j) , (2.8) 

i < j ^ Ig. Note that if s is a monomorphism, then each (7-tuple consists of distinct integers, and 

each i € Im belongs to two distinct ^-tuples. 

Consider V^~^^ = Vg x ■ ■ ■ x Vg and define x : V^~^^ x Im Im, depending on m, by 
^ . ' 

g+i times 

x^(„)(r\...,r^'+i)=m(r;.,r^+^) , (2.9) 

i <j & Ig, where (r\ . . . ,r9+i) g Note that 

d)i>c{r\ r^+i)) = di+\^ir\ r^+i)) = m(r^,ri+') , 

i < j & Ig. Consider the subset of Im determined by 

lM,n ■■= {m{i,j)\i € /„, j € Ig} , 

n £ Ig, with the ordering inherited from Im, and denote by 

L:=M-{g-n){g-n + l)/2 , (2.10) 

its cardinality. The elements ^^(r-'^, r^"*"^), / E /M,rn are independent of r^, with n+1 <i,j < g, 
and X can be generalized to a function x : lM,n x P^'" Im , where ps,"- ■= ^ -pg-n+i^ 

x,(f\...,f5+i) ■.= x,{r\...,rs+') , (2.11) 

i € lM,n, {r^ , . . . ,f^'^^) G "pS'", where G Pg, j G -^g+i, are permutations satisfying r-' = f-', 
J € /n, and = ff, i G In, n + 1 < j < g. Furthermore, if {xi{f^, . . . ,f'^'^^)}ieiM,,i consists of 
distinct elements, then it is a permutation of lM,n- By a suitable choice of the surjection 

m(j, i) = m{i,j) ■.= M-{g- j){g - j - l)/2 + i , (2.12) 

j < i Ig, we obtain lM,n = II as an equality among ordered sets. Note that this choice for m, 
which is convenient to keep the notation uncluttered, does not correspond to the one introduced 
in subsection 

Consider the maps s : I I, where / is any ordered subset of Im', if s is bijective, then it is 
a permutation of /. We define the function e(s) to be the sign of the permutation if s is bijective, 
and zero otherwise. 
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2.3. Combinatorial lemmas 

Let F he a commutative field and S a non-empty set. Fix a set fi, i Ig, of F-valued functions 
on S, and Xi G S, i ^ Im- Set 

f fm(i,j) ■ fifj ) 



i,j e Ig, and 



det/(xd,,(s)) := detifc/fc(a;^,,(^)) , 



j E Ig+i, where Xi G S, i £ Im- Furtliermore, for any ordered set / C 1^, we denote by 

det///(xi,... ,a;card(/)) , 
the determinant of the matrix {f fmixi))i€ics.rd(i) ■ 



Lemma 2.5. Choose n £ Ig and L points Xi in S, i £ II, with L given by ( 2.1(\ ). Fix g — n points 
PiGS,n + l<i<g and g F -valued functions fi on S , i G Ig. The following g{g — n) conditions 



fiiPj) = , 



(2.13) 



1 <i < j, n+1 < j < g, imply 



9+1 



deti^j^ff{xi,...,XL) = - — ^ e{s)Y[detf{xaj(s)) Yi det /(x^t^^), . . . , a;dfc(^),p„+i, . . . 

(2.14) 



seVL j=i 



k=n+l 



where 



In particular, for n = g 



9 + 1 

=^--= E \{e{f^)e{x{r\...,f^^^)). 

(f i,...,fs+i)67'9'" fc=l 



(2.15) 



where 



9+1 

Cgdet//(xi,...,XAf) = ^ e(s) det/(xd.,(s)) , 

seVM j=i 



\{e{r')e{^{r\...y)) . 

,...,ra + ^eVg k = l 



(2.16) 



Proof. It is convenient to fix the surjection m as in ( |2.12 ), so that lM,n = II- Next consider 



Cg,n det 7^ //(xi, ... ,xl) = Cg,n ^ e{s) f fi{x ■ ■ ■ f f 

seVL 



'SL , 



(2.17) 



Restrict the sums in ( 2.15 ) to the permutations {r^ , . . . ,f^^^) S T^^'", i £ /„, such that 
e{>c{f-^, . . . , fs+i)) ^ 0, and set s' := s o x(f^, . . . , f^+i), so that 

ffl {Xs, )■■■ ffh {XsL ) = ffxi (.Xs[ )■■■ ffxL ) ; 
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where is to be understood as (f \ . . . ,f9+i). Note that, for all I <E hi, there IS a unique pair 
i,j £ Ig, i < j, such that I = m{i,j), and by (|2.8|) and ( p.9[ ) the following identity 



holds for all {r^, . . . , r^+^) g 'Pg~^^- On the other hand, if / G II, then i < n and by Eq. (|2.11 ) 



n g+l 

ffliXs,)---ffL{Xsr.)=Ylffli^dl{s'))---ffliXdlis')) n •/■r^,(^di(s'))---/ri;(^di(s')) " 

i=l j=n+l 

The condition fi{pj) = 5ij, i < j, implies 

<r^)Ui(.Xdi{s')) ■ ■ ■ ffli^dl(s')) = det/(x^.(,,), . . . . . . ,Pg) , 

+ 1 < j < g + \- Hence, Eq.( p.l^ ) follows by replacing the sum over s with the sum over s' in 



n 



( 2.17 ), and using 

6(5) = e(s')e(x(r\...,f5+^)) . 
Eq.( p.l6| ) is an immediate consequence of ( |2.14[ ). □ 



Remark 2.6. The summation over Vm in Eq.(2.16|) yields a sum over {g + 1)! identical terms. 



corresponding to permutations of the g + 1 determinants in the product. Such an overcounting can 
be avoided by summing over the following subset of Vm 

V'm ■= {s G Vm, s-t. si = 1, S2 < S3 < . . . < Sg, S2 < Si, g + l<i<2g-l}, 

and by replacing Cg by Cg/{g + 1)!. 
Direct computation gives 

Cg,i=gl, Cg,2 = (7!(5-1)!(25-1) , C2 = 6, C3 = 360 , C4 = 302400 . (2.18) 

For 5 = 2, Cg/{g + 1)! = 1 and T'^^^g = {(1, 2, 3)}, so that 

det//(xi,a:2,2;3) = det/(xi,X2)det/(xi,a;3)det/(x2,2;3) . (2.19) 



A crucial point in proving Lemma 2J is that if Xi(f^, . . . , f^~^^), i G lM,n, ai'e pairwise distinct 
elements in Im, then they belong to lM,n ^ Im, with x a permutation of such an ordered set. 
For a generic ordered set / C J^,^ , one should consider x as a function over g + l permutations f* , 
i G Ig+i, of suitable ordered subsets of Ig. In particular, P should be a permutation over all the 
elements j G Ig such that m{i,j) G /, for j > i, or m{i — l,j) G /, for j < i. However, the condition 
that the elements >Ci{'r^, . . . , f^"*"^), i I, are pairwise distinct does not imply, in general, that they 
belong to / and Lemma ^]5| cannot be generalized to a determinant of products ffi, i ^ I. On the 
other hand, the subsets 

/:=/M,nU{m(i,j)} , (2.20) 
satisfy such a condition for n < i,j < g and yield the following generalization of Lemma |2.5|. 
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Lemma 2.7. Assume the hypotheses of Lemma p.5| for n < g, and choose a point xl+i G "S*, and 
a pair i,j, n < i,j < g. Then the following relation 



det/ //(xi, . . . 

1 " 

= -;— XI ^^^^ n det/(xrffc(5))det/(x^„+i(^), . . . , . . . . . . ,pg) 



-9," + 1 fc = i 



9+1 



where 



1 ■ ■ ■ ifgj 1 



l=n+3 



Pa) 
(2.21) 



9 + 1 



-g,n ■ 



J2 lle{ne{>^{f\...,r^^')) , 



(fi,...,fs+i)67' 



pi ._pri p2^^ X T^^-r^-i^ and I is defined in ( ^^Wj ), holds. 



Proof. A straightforward generalization of the proof of Lemma 2.5 



□ 



2.4- Examples of the combinatorial lemmas 

We now show some examples of the combinatorial construction described in the last subsection. 
Set 5 = 4, so that M = g{g + l)/2 = 10. Fix a surjection m : I4 x I4 ^ Jio with m{i,j) = m{j, i), 
for example by setting m{i,j) = [mlij, with [m] the symmetric matrix 



/I 2 3 4 \ 

2 5 6 7 

3 6 8 9 
\4 7 9 10/ 



For each function s : /lo — > ho, the 4-tuples d'^{s), i = 1, . . . , g + 1 = 5, are determined by 

i < j & Ig, so that, with the above choice of m, 

d'^{s) = (si, 52,53,54) , 

d^{s) = (52,55,^8,59) , 

d'^is) = (53,56,58,5io) , 

d^{s) = (54,57,59,510) . 

Let Vg be the group of permutations of g elements. The function x : "Pf x /lo —<■ Iw is defined by 



,^,^^){r\...,r')=miri,ri+^) , 
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(2.22) 



i < j Ig, where {r^, . . . , r^) € . For example, fix 

ri = (3,4,1,2) , 

= (1,2,4,3) , 
r3 = (2,4,1,3) , 
/ = (1,2,3,4) , 

= (2,4,1,3) . 

To determine . . . ,r^), note that 1 = m(l, 1), so that, by definition, 

^m(l,l)('^^ • • • ,^^) = m{rl,rl) = m{3, 1) = 3 . 
As a further example note that 2 = m(l, 2) = m(2, 1), so that 

^m(i,2)('-\ ■■■,r^) = m{rl,rf) = m(4, 2) = 7 , 
(observe that Eq.( p.22| ), which defines x, holds only for i < j). The 4-tuples d^{x{ri, . . . jTs)) are 





= (3,7,1,5) 


d\x) 


= (3,7,7,9) 




= (7,7,3,3) 


d\>c) 


= (1,7,3,9) 


d\x) 


= (5,9,3,9) 



It is readily verified the general relation 

d]{K{r\ r^)) = dt\x{r\ r^)) = m{r],rl+^) , 

i < j £ Ig. Note that if x(r^, . . . ,r^) : Iiq — > Iiq, for some fixed r^, . . . ,r^, is a monomorphism, 
then it determines a permutation of Iiq. Hence, we can define the function e{>c{r^, . . . ,r^)) to be 
the sign of the permutation >c{r^, . . . , r^) if it is a monomorphism, and zero otherwise. 
Consider the subset 

lM,n = {m{hj) \ i £ InJ £ Ig} , 

for some n £ Ig. x can be generalized to a function from Vs,n ^ /^^ .^^ where V^''^ := Vg x "P-^"""*"^, 
into Im- As an example, consider x : V'^''^ x /io,2 Ao, where /io,2 = {1,2,3,4,5,6,7} (the 
precise form of /io,2 depends on the choice of m). Fix (f^, . . . , f^) G P'^'^ = x 7^|, e.^. by 





= (3,4,1,2) 




= (1,2,4,3) 




= (2,1), 




= (1,2), 




= (1,2). 
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As a specific case, say xg, note that 6 = m(2, 3) = m(3, 2) and set 

,(2,3) (r\ . . . , r"^) = m{rlrt) = m{A, 2) = 7 . 



For general choices of f^, . . . , f^, >c{f^ , . . . , f^) : /io,2 — -^lo may not be a monomorphism. It can be 
verified that if the image >c{f^ , . . . ,r^)(/io,2) ^ -^io,2; then >c{f^ , . . . ,f^) is not a monomorphism. 
Therefore, if xif^ , . . . ,f^) is a monomorphism, then it determines a permutation of /io,2- Hence, 
we can define the function e{x{f^, . . . , f^)) to be the sign of >c[f^ , . . . , f^) if it is a monomorphism, 
and zero otherwise. 

Let us apply Lemma 2^ to the previous examples. Consider four linearly independent func- 
tions /i, . . . , /4 : C ^ C, and set 

ffm(i,j){z) ■■= fi{z)fj{z) . 

Next, fix xi, . . . , xio € C and consider 



det 



\ffi{xio) 



//lo(xi) \ 



det 



/ /i(xi)/i(xi) 



\/i(2;io)/i(2;io) 



/4(xi)/4(xi) 



/4(xio)/4(xio) 



SO that m{i,j) determines the column where fifj appears. It is easily verified that the above 
determinant is proportional to 



^ e(s) det /i (xrfi ) det fi (xrf2 ) det fi (x^a (^) ) det fi [x^i ) det fi (x^s (^) ] 
seVio 



(2.23) 



This expression, after expanding each determinant, consists of a summation over products of 
twenty factors fi{xj), where each Xk appears twice. After skew-symmetrization of the x^'s, this 
expression is necessarily proportional to the original determinant. 

In Lemma 2.5 it is also considered the more general case of determinants made up of functions 
ffi, where i varies in a subset lM,n C Im of L < M elements. For example, let us consider the 
subset /io,2 = {1; • • • 7 7} and fix the points xi, . . . , X7 € C. We are interested in the determinant 



///i(xi) ... fMx.y 



det 



det 



//i(xi)/i(xi) 



f2{xi)f4{xi)\ 



/2(X7)/4(X7)/ 



(2.24) 



By repeating the above construction, this determinant can be expressed as (a sum over) products 
of two determinants of 4 x 4 matrices times three determinants of lower-dimensional 2x2 matrices 

^ e(s) det/^ /i(xdi(s)) det/^ fi{xd^(s)) det/^ fi{xd^^(^s)) det/^ /i(xd4(^)) det/^ /i(xd5(^)) , 

sGPio 

where det/^ fi{xj) '■= detijg/^ fi{xj)- In order to obtain products of five determinants of 4 x 4 
matrices in the form similar to Eq. (|2.23| ), one has to impose some conditions on the functions fi. 
In particular, it is sufficient to require that there exist two points, P3,P4, € C, such that 



flip^) = f2iPi)=0, 

fsiP^) = Mps) = , 
fsiPs) = fiiPi) = 1 ■ 



3,4 , 
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In this case, the following identity 

fi{x2) 12(3:2) 



det 



( h{xi) f2{xi) faixi) h{xi)' 

fl{x2) f2{x2) h{x2) f4{x2) 

flips) f2{P3) MPs) fiiPs) 

\fl{P4) f2{P4) h{P4) fiiPi) 



holds and the determinants in (2.24) are proportional to 



^ e(s) det/i(xrfi(^)) det/i(x<i2(^-)) det/(xrf3(^), 



X^3 



P3,Pa) 



seVr 



(2.25) 



• det /(Xd4(^-) , a;rf4(^) , ps , p^) det /(xd5(s) , x^^f^^) ,Ps,Pi) 



where det/(2;i, ... ,2:4) := det^jg/^ fi{zj)- Lemma generalizes such a result to any g and n. 
Proportionality of Eqs.( 2.24 ) and ( |2.25| ) can be understood as follows. Upon expanding the deter- 
minants in ( 2.25| ) and using the conditions on fi, this expression corresponds to a summation of 
products of the form 

/1/2/3/4 • /1/2/3/4 • /1/2 • /1/2 • /1/2 , (2.26) 

with the /i's evaluated at xi, . . . , X7 (each Xi appears twice). Such a product can be re-arranged 
as 

ffii{xi)ffi2{x2)---ffij{x7) , 

for some E Jiq. After skew-symmetrization over the variables Xi, only the products 

with distinct zi, . . . ,^7 contribute. But this implies ii, . . . ,17 G Iio,2, since the only possibility to 
construct seven different functions fifj out of the fourteen functions in Eq.( |2.26| ) is 



/? (a^i ) /i /2 (x2 ) fi h {x^ ) fi /4 {xi)fi (2:5 ) /2 /s (xe ) /2 /4 (xj) , 



(2.27) 



up to permutations of the x^'s. This is strictly related to the observation that if x(f , . . . , f ) is a 



monomorphism, then it corresponds to a permutation of /io,2- The skew-symmetrization of ( 2.27| ) 
with respect to xi , . . . , xy is exactly the determinant we were looking for. 



Note that Lemma 2.5 may not be generalized to the case of determinants of matrices with 
rows //ii, . . . , ffij^ , when / := {ii, . . . , i^} is a generic subset of Iio- One can always define a 
generalization of the x function as x(f^, . . . , r^) : I ^ /lo, with f^, . . . , in some suitable subset 
of "Pf. However, the necessary condition for the generalization of Lemma 2^ is that if x is a 



monomorphism, then x(/) = /. Such a condition is verified, for example, if / = /io,rn as showed 
before for /io,2- The condition still holds when / = /io,n U {j}, for all the elements j € /lo \ Iio,n, 



which is the content of Lemma 2.7. An example for which the analog of Lemma p.5| does not exist 
is for / = {1, 5, 8, 10}, corresponding to determinants of matrices with rows fi, fi, fi, fi- Actually, 
defining a formula similar to (2.23) in order to obtain terms in the form /f (xi)/|(x2)/3 (xs)/! (X4), 
some unwanted terms, such as fif2{xi)f2f^{x2)f^fi{x^)fifi{x4), do not cancel on the RHS. 



3. Divisors of higher order theta derivatives on Riemann surfaces 

After reminding some basic facts about theta functions, we investigate the divisor structures 
of the theta function and its derivatives that will be used in the subsequent sections. 
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Set Az := 'C^ jLz-, Lz := IP + ZIP ^ where Z belongs to the Siegel upper half-space 



iOg := {Z G Mg(C)|*Z = Z, ImZ > 0} , 
and consider the theta function with characteristics 

^|-aj 2,) ■ = ^ g7ri*(fc+a)Z(/c+a)+27ri*(fc+a)(z+6) 

fe€Z« (3.1) 

where z G Az, a, 6 G M^. It has the quasi-periodicity properties 

9[^]iz + n + Zm, Z) = e-'^**™^"'-^'^^ [«] Z) , 

m,n ^ Ij^ . Denote by C Az the divisor of 9{z, Z) := 9 [{]] (z, Z) and by 0^ C the locus where 
9 and its gradient vanish. Geometrically 9 [^] (z, Z) is the unique holomorphic section of the bundle 
Cq^^ on Az defined by the divisor Qab = + + .Z^a of ^ [^] (z, Z). A suitable norm, continuous 
throughout Az, is given by 

\\9\\''{z,Z) = e-2'^*^'"^(^'°^)"'i™^|e|2(z,Z) . 

Computing ci(£e) and using the Hirzebruch-Riemann-Roch Theorem, it can be proved that 9 is 
the unique holomorphic section of Cq. It follows that {Az,Cq) is a principally polarized abelian 
variety. 

3.1. Riemann theta functions and the prime form 

Let {a, P} = {ai, . . . , ag,(3i, ... , (3g} be a symplectic basis of i?i(C, Z) and {ooijieig the basis 
of H^\Kc) satisfying the standard normalization condition ujj = 5ij, forall i,j G Ig. Let r G S^g 
be the Riemann period matrix of C, Tjj := <f,-^ iOj. A different choice of the symplectic basis of 
Hi{C,'L) corresponds to a Tg := Sp{2g,'L) transformation 

T ^ t' = {At + B){Ct + D)-^ . (3.2) 

We denote by Ag := ^g/^g the moduh space of principally polarized abelian varieties. 
Choose an arbitrary point Po & C and let I{p) := {Ii{p), . . . ,Ig{p)) 



p G C, be the Abel-Jacobi map. It embeds C into the Jacobian Jo(C) := C^/Lt-, := + rZ^ , 
and generalizes to a map from the space of divisors of C into Jo{C) as I{J2i'^iPi) ■= Yli''^i^{Pi)^ 
Pi (z C, rii (£ TL. By Jacobi Inversion Theorem the restriction of / to Cg is a surjective map onto 
Jo{C). The Hodge metric of the polarization of Jo(C) has the Kahler form 



i ' 



u = -^{t2 ^)ijdzi A dzj , (3.3) 
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whose puUback I*u = defines the Bergman two-form on C 



9 

^ = ^ 5Z A ■ (3-4) 

If S', 5" G {0, l/2}9, then 6 [6] {z, r) := 9 f„ (z, r) has definite parity in z 

e[5]{-z,r)=e{S)e[5]{z,T) , 

where e{S) := e'*'^**'^'''". There are 2^^ different characteristics for which 0[6]{z,t) has definite 

parity. By Abel Theorem each one of such theta characteristics determines the divisor class of a 

1^ 

spin bundle La K^;, so that we may call them spin structures. There are 2^'~^(2^ + 1) even and 
29-1(23' — 1) odd spin structures. 

Consider the vector of Riemann constants 

11 ^ f 

i & Ig, for all p e C. For any p we define the Riemann divisor class by 

7(A):=(<7-l)I(p)-/C^ (3.6) 

which has the property 2 A = Kc- 

In the following, we will consider 6{D + e) := 6 [[j] {1(D) + e,r), for all e G Jo{C), evaluated 
at some 0-degree divisor D of C. We will also use the notation 

0AiD) := 0iI{D - nA)) , 

for each divisor D of degree n{g — 1), n G Z. 

According to the Riemann Vanishing Theorem, for any p e C and e G Jo{C) 

i. if 0{e) ^ 0, then the divisor D of 9{x — p — e) in C is eff'ective of degree g, with index of 
specialty i{D) = and e = I{D — p — A); 

ii. if 6{e) = 0, then for some ( G Cg_i, e = 7(C — A). 

By Riemann's Singularity Theorem it follows that the dimension of 6^ for 5 > 4 is 5 — 3 in 
the hyperelliptic case and 5 — 4 if the curve is canonical. 

Let u a non-singular odd characteristic. The holomorphic 1-differential 

hl{p):=j2^,{p)d,,e[u]{z)i^^^ , (3.7) 
1 

p & C, has g — 1 double zeros. The prime form 

E{z,w) := '/ , 3.8 

K{z)hi,{w) 
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is a holomorphic section of a line bundle on C x C, corresponding to a differential form of weight 
(—1/2, —1/2) on C X C, where C is the universal cover of C. It has a first order zero along the 
diagonal of C x C In particular, if t is a local coordinate at z G C such that hi, = dt, then 

^^/dt[w)^y at{z) 

Note that I{z + 'an + */3m) = I{z) + n + rm, m,n G Z^, and 

where x ■= e^^^^*'^''^" ''^""^^ G {-1,+1}, m,n G Z-?. 

We will also consider the multi- valued 5/2-differential cr{z) on C with empty divisor, that is 
a holomorphic section of a trivial bundle on C, and satisfies the property 

Such conditions fix (j{z) only up to a factor independent of z; the precise definition, to which we 



will refer, can be given, following |34], on the universal covering of C (see also |p5[). Furthermore 



( \ - ^(^) _ ^^mixj - z) -/j- E{x„w) 

a{w)- 9^{J:',x,-w)1\E{x,,z) ' ^^'^^ 

for all z,w,xi, . . . ,Xg G C, which follows by observing that the RHS is a nowhere vanishing section 
both in z and w with the same multi- valuedness of a{z)/(T{w). 

Definition 3.1. For all z G C and 1^ non-singular theta characteristics, set 

9 



a„{z) := h„{zy ex.p i (h uJi{w)log9\ 

^ i=i 



M(^-z) . (3.10) 



Such a (7/2-differential satisfies the same general properties of a, and is defined directly on C. 

Under the modular transformations z z' = z{CZ + D)~^, Z ^ Z' = {AZ + B){CZ + D)~^ the 
theta characteristics transform as 

b) ^ Kb) ~ \~B A )[b 

A B 



G := ( ^ ^ j G Fg, for all a,b,z G C^, and the theta functions transform as [36| 



0[t]{z, Z) ^ e[t']{z', Z') = ecidetiCZ + i)))^e2"''^[^l(^)+"*'^(^^+^)"'^"0g](z, Z) 

where ec is an eighth root of 1 depending only on G, 

a\l /diag (C'Z?) 
bJ 2 Vdiag(A'B) 



20 



and 

2ct^[l] (G) := ( *a ^h) ( ) {l) + ^^^^^^ ' " 



Let uj{z,w) be the unique symmetric differential on C x C, with only a double pole along 

'ft- 



z = satisfying £^ a;(z,Ti;) = and w) = 2TTiujj, j £ Ig. The latter conditions imply that 



under a modular transformation 

oj{z, w) = u!{z, w) — 2'Ki *uj{z){Ct + D)~^uj{w) . 

Since E{z,w) is the unique antisymmetric solution of dzdw^ogE = uj{z,w) which is consistent 
with the expansion of uj{z,'w) for z ~ ^i;, it follows that 



1 fW f'W 

h[z,w) = h[z,w)e ' J z J z ^ 



for all z,w (z C. 



Lemma 3.2. (Fay Q) If {a,/5} and {a,/?} are two markings of C related by ( [gT^ j and /C^ and 
/C^ denote the respective vectors of Riemann constants for q £ C, then there are oq, bo E (^^)^) 
depending on the markings, such that 

ao - ^diag (C 'D) E , bo- ^diag {A 'B) E , 
jCi' = \Ct + D)-^IC'' + T'ao + bo E , 

and 

for all z = *{Ct + D)z' £ , with e' an eighth root of 1 depending on the markings. 

Theta functions and, in particular, ThetanuUwerte, i.e. theta constants ^,^(0), with v even 
characteristics, can be used to construct modular forms, i.e. meromorphic functions on Sjg which are 
invariant under modular transformations. Some regularity conditions at infinity are also required 
for g = 1, which are not necessary for g > 1 due to the Koecher principle. More generally, one 
considers modular forms of weight k < 0, i.e. holomorphic functions / on Sjg which transform as 

f{Z')=det{CZ + D)-''f{Z) , (3.11) 

under modular transformations or other discrete subgroups of Sp(2(/, R)/Z2, the group of auto- 
morphisms of Sjg. 

3.2. Determinants in terms of theta functions 
Set 

S[pi + ...+P ):= ^g r, 3.12 

y,Pl,- --^Pg ^ c. 
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Lemma 3.3. For all pi, . . . ,pg £ C, S{pi + . . . +Pg) is independent of y. For each fixed d € Cg-i, 
consider the map tt^ : C — > Cg, it dip) ■= p + d. The pull-back n^S vanishes identically if and only 
if d is a special divisor; if d is not special, then tt^S is the unique (up to a constant) holomorphic 
1/2-differential such that [(tt^S*) + d] is the canonical divisor class. 

Proof. If pi + ...+ pg is a special divisor, the Riemann Vanishing Theorem imphes S = 
identically in y; if pi + . . . + pg is not special, S* is a single- valued meromorphic section in y with 
no zero and no pole. It follows that, in any case, 5" is a constant in y. This also shows that 
S{pi + . . . + pg) = if and only if pi + ...+ pg is a special divisor. Hence, if d G Cg-i is a special 
divisor, S{p + d) = for all p G C. On the contrary, if d is not special, then h^{Kc ® 0{—d)) = 1, 
and S{p + d) = if and only if p is one of the zeros of the (unique, up to a constant) holomorphic 
section of H^{Kc ®0{—d)), and this concludes the proof. □ 

Proposition 3.4. Fixn e N+, set := {2n — l){g — l) + 6ni and let {(/>^}ie/Ar„ be arbitrary bases 
of H^{K^). There are constants Av[(/)"^] depending only on the marking of C and on {4>f}ieiN„ such 
that 

r ,11 ^ det (j)j{pj)a{y)lllE{y,pi) ^ det (j)l{pj) 

0A{ElP^-y)m<r{p^)nU,Eip^,P,) S {El P^) U>{P^) Eip,, P,) ' ^' ^ 



and 



^un^ ^ det0^(pj) 



for n>2, for all y,pi,. . . ,Pn„ G C. 

Proof. is a meromorphic function with empty divisor with respect to y,pi, . . . ,Pn„- D 



Remark 3.5. Replacing the (7/2-differential a in (3.13) and ( p.l4| ) by a,y, defined in ( p.lOj ), defines 
the new constants ^^[0"]. 

For each set {(pDieiN^ ^ H'^{K^), consider VF[(/)'^](pi, . . . ,Pn,J '■= det(j)f{pj), and the Wron- 
skian M^[</'"'](p) := detd-j^'^cp^ip). If I^[(/)"'](pi, . . . ,Pn„) does not vanish identically, then, for each 
}ie/jv„ H^i^c)-' have the constant ratio 

K[r] ^ w[r']{Pi,---,PN,j ^ w[r']{p) , . 

vF[(^"](pi,...,p^j w[ci>^](p) ■ ^ ■ > 



3.3. Relations among higher order theta derivatives and holomorphic differentials 
By Riemann Vanishing Theorem it follows that 

e{np+ Cg-n - y - A) 

n £ Ig, as a function of y, has a zero of order n at p for all the effective divisors Cg-n of degree 
g — n. In particular, 

Y,G^{p + Cg-2- A)uj,{p) = Q . (3.16) 

i 
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Theorem 3.6. Fix xi, . . . , Xg-i G C. The following relations hold 



^ 9i{xi + ... + Xg_i - A)uJi{xi) =0 , 

i 

Oijixi + . . . + Xg_i - A)uJi{xi)ujj{x2) = , 



Oh...i,^Axi + ■.. + Xg-i - A)wi,(xi) ■■■u}i^_,{xi^_,) = 



Ji,...,i„_i 



Proof. Without loss of generality, we can assume distinct xi, . . . ,x„-i; the general case follows 



by continuity arguments. The first relation is just Eq.( 3.16 ). Let us assume that the equation 



0h...i^ (Xi + . . . + Xg_i - A)uJi^ {Xi) ... iOi^ {Xn) = , 

ii,...,i„ 

holds, for all n E In-i, with 1 < A'^ < ^7 — 1. Then by taking its derivative with respect to x^+i 
one obtains the subsequent relation. □ 

Corollary 3.7. Fix p G C and a set of effective divisors Ck, k ^ of degree k. The following 
relations hold 

e,{p + Cg-2 - A)u;i(p) = , 

i 

Y ^ij (2p + Cg-3 - A)ujiUJj (p) = , 

id 

Y ^n...i«-i((5- ■■■uJi^_,{p) = . 

ii,...,ig-i 

We denote by A := {Ai, . . . , A;} a partition of length |A| := / of some integer d > 0, that is 

I 



YK = d , Ai > . . . > Ai > 



i=l 



On the set of the partitions of an integer d, a total order relation can be defined by setting 



A' > A 3i, < i < min{|A|,|A'|}, s.t. | 



A-=Aj-, l<j<i, 
A5 > A. . 



With respect to such a relation, the minimal and the maximal partitions A"^^"^ and X'^^^ of are 

yrnin yrnin -j^ yrnax ^ 
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Also observe that A™"'" and A™"^ have, respectively, the maximal and minimal lengths lA"*™! = d, 

I ^max I 

For a general holomorphic d differential rj, let rj^z) be its trivialization around a point p C, with 
respect to some local coordinate z and let us define 

r?(0)(p):=ry(z) , r/W(p) := 0(z) , n>0. 

Theorem 3.8. Fix d G -^g-i? ^ point p (z C and a effective divisor Cg-d of degree g — d. Then, for 
each, partition A of d, there exists c(A) G Z independent of C,p, Cg-d, such that 



, (3.17) 
= c(A) J]] %.,.j-^((d-l)p + Cg_rf-A)u;j, •••a;j-^(p) , 

wiiere I := |A|. 

Proof. The theorem is just an identity for A = A"**", with c(A'"™) = 1. Let us consider a partition 
A > A"**" of d, and set I := |A| < d (|A| = d necessarily implies A = A™™). Fix c = xi + . . . + 
with xi, . . . , Xg-i G C, and apply the derivative operator 



V( 

to the identity 



Vdxi / Vdxi / ' 



e{c-A) = 0. (3.18) 

Upon taking the limit xi, . . . ,xi p, we obtain a sum, such that each term can be associated to 
a partition A' of d and written as 

g 

£ e.,....,(/p + c,_i_,-A)a;f^-^)...a;£''-'\p) , 

with /' := |A'| and Cg-i-i = x^+i + . . . + Xg-i. The sum is over a set of partitions A' satisfying 
A' < A and I' > I, so that A is the maximal partition appearing. Thus, the sum can be rearranged 
as 

e,,...,,{lp + Cg.^., - A)u;lf^-^) • ■■J^^-'Hp) 

_ (3 19) 

= J^6(A,A') Y 9,^,„,^,{lp + Cg.,_i-A)J^^'^-'^-..u;[^}'-'\p) , 

for some coefficients 6(A, A') G If the only non-vanishing contribution to the RHS corresponds 
to A' = A"**", the theorem follows after taking the limit xi^i, . . . ,Xd-i p. Otherwise, for each 
A' > A"**", one can obtain a further identity by applying the operator T)^'^ ■* to the identity ( 3.18| ) 
and taking the limit xi, . . . , x;/ — > p. This procedure leads to an expression for 



e,,...,^,{i'p+cg.,.v - A)4''^-') ■ ■■J^r'^ip) 



,(Ai-i) ,,(a;,-i) 
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analogous to Eq.(3.19), where the RHS is a sum of terms corresponding to partitions A" < A'. 



This expression can be used to replace the term corresponding to A' in Eq.( |3.19 ), considered in 



the limit xi^i, . . . ,xir p, with a sum over a set of partitions A" < A'. After a finite number of 
steps, the RHS of Eq.( |3.19| ) reduces to a term corresponding to A™*" times an integer coefficient 

A'<AA"<A' A ■ 

The arguments of the ^-functions on both sides are 

I'p - Cg-i-v - A , 

where /' is the length of the minimal partition A' > A'"'" appearing in any intermediate step of the 
procedure. Therefore, V < d—1 and the theorem follows. (Actually, with some more effort, it can 
be proved that the bound d — \ cannot be improved). □ 

Corollary 3.9. Fix d G Ig-i, a point p ^ C and an effective divisor Cg-d-i of degree g — d — 1. 
Tlien, for eacli partition A of d, 



wliere I := |A|. 



Proof. A trivial application of Eg. ( 3. 17 ), with Cg-d := p + Cg-d-i, and Corollary 3/7. □ 



4. Special loci in and the section K 

In this section, we first introduce the basis of holomorphic 1-differentials (as a particular case 
of a definition which holds for bases of holomorphic n-differentials, for arbitrary n G N-(_), whose 
n-fold product can be used to construct bases of holomorphic n-differentials. Next, we focus on 
the construction of sets of two- and three-fold products of holomorphic abelian differentials and 
discuss the condition under which they correspond to bases of H^{K^) and H^{Kq). We then 
introduce the function which plays a key role in the present investigation, in particular for 



what concerns the study of Gg. Theorem 4.18 summarizes some of the main results of the present 



section, while Theorem 4.19| shows that K counts the number of intersections of special varieties 



on Jo(C) defined in terms of Qg- 

4-1. Duality between Nn-tuples of points and bases of H'^(Kq) 

Let C be a canonical curve of genus g and let Cj, d > 0, be the set of effective divisors of 
degree d. Let {r]}i^i^ be a basis of H^{Kc) and fix the divisor c := pi + . . . + Pg-i in such a way 
that the matrix [rii{pj)]i<^ig be of maximal rank. The ratio 



det7?(p,Pi,...,Pg_i) 

c^c{p,q) ■■= -7—} — r 

detr]{q,pi,. . . ,Pg-i) 
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is a meromorphic function on Cg-i and a meromorphic section of the bundle 

on C X C, where tti , tt2 are the projections of C x C onto its first and second component, respectively. 
Note that S*{C), where 5 : C ^ C x C is the diagonal embedding 6{p) := {p,p), p G C, is the 
trivial line bundle on C. Furthermore, S*ac has neither zeros nor poles, and crc{p,p)/o'c'{p,p) = 1, 
c,c' G Cg-i- Hence, there exists an isomorphism H^{S*{jO)) — > C such that crc(j),p) — > 1, for all 
c G Cg_i for which cjc is well-defined. 

Proposition 4.1. Fix n G Z>o and let pi, . . . ,Pn„ be a set of points of C such that 

det , 

with {4>2}ieiN„ arbitrary basis of H^{K^). Then 

det^-(pi,...,p^J ' ^^-'^ 

i G In^, for all z ^ C, is a basis of H^{Kq) which is independent of the choice of the basis 
and, up to normalization, on the local coordinates on C. 

Proof. Since the matrix := (j)'^{pj) is non-singular, it follows that 

i7 = T.l'^'']7/<i>l , (4.2) 

« G /Ar„, is a basis of i?°(iir5). □ 
Observe that 

det {pi,..., pj-i, z, pj+i,..., PnJ =-fj{z) , (4.3) 



for all z G C, and 
i,j G In^- Furthermore, 



det7-(z) = ^^i^^ (4 5) 

cletT^l^jj det ,/.-(^5,) ' ^ 

for all zi, . . . , Zg € C . For n = 1, for each choice oi pi, . . . ,pg £ C with det rji{pj) ^ 0, we set 

a,{z):=-fl{z) , i€lg. (4.6) 



The bases {7f}ie/jv„) ™ some sense, can be considered as dual to the A^^-tuple of points 
Pi, . ■ ■ ,Pn„ involved in their definition. In facts, each point p (z C corresponds to the element of 
F{H°{K^)*) given by 

p[4'] := m , </) G H\K^) . (4.7) 

By Eg. ( [4. 71 ), we mean that a generic representative of p in H^i^K"^)* is given by — 4'{p), where 
(/)(p) is determined with respect to the choice of a local trivialization and a local coordinate around 
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p. Hence, the choice of a A^„-tuple of points pi, . . . ,Pn„ G C satisfying the conditions of Proposition 
4.1 , together with the choice of local trivializations of Kc and coordinates around each pi, i 1^^ , 
determines a basis of H^{Kq)* . On the other hand, by Proposition iA, such data also determine 
the basis {7^ jie/jv of H^i^c), which satisfies the property 

Pibj] = ^ij ' V^'J e , 

SO that 



where {7f *}ieiN„ if tl^e basis dual to {7i"}ie/jv 



Such a construction also extends to symmetric products of H'^{K^); we will only consider 



the case of Sym^ {H^ (Kc)) , but the generalizations are straightforward. Each basis {r/ijig/^ of 
H^{Kc) naturally defines a basis in Sym^ {H'^ (Kc)) , given by {rj-rfji := -q^^ -rjzii i ^ Im- Similarly, 
each element p + q ^ C2 = Sym^C corresponds to an element p ■ q ^ F{Sym^ {H^ (Kc))*) by 

(P- Q)[Y.Vk ■ Pk] ■=^(.Vk{p)Pk{q) + rjk{q)pk{p)) , Y.Vk ■ Pk ^ Sym^H'^{Kc) , (4.8) 



with the same notation of Eq.( [4.7| ). In this sense, with respect to an arbitrary choice of local 
coordinates around pi, . . . ,pg, we have 

Pi[aj] = 6ij , {p- p)k[cr ■ cri] = Xkhi , (4.9) 

i,j € Ig, k,l € Im, so that 

Pi = cr* , Xk^{p ■ P)k = (o- • (j)l , yi e Ig, ke hi , 

where {c*}^^/^ and {(fj • cr)l,}k^i,^.j are the dual bases of {fjijig/^ and {fj • ak}keiM^ respectively. 

The results of section ^ can be used to derive an explicit expression for the matrix with 
{wijig/g the dual basis of the symplectic basis of iJi(C, Z). 

Definition 4.2. For each fixed gi-tuple {pi, . . . ,pg) € let us define the following effective 
divisors 

a:='^Pj , ai:=a-pi, b:=a-pi-p2, 
i ^ Ig- Define the subset of 

A:={ipu...,pg) I detr?,(p,) = 0} , 

with {7]i}i^i^ an arbitrary basis of H^{Kc)- 

Fix g + 1 arbitrary points pi, . . . z S C. By taking the limit y ^ z va. Eq.( p.l5j ), we obtain 

9 

deir]{z,pi,. . . ,pi, . .. ,pg) = k[7]] ^ OA,i{ai)u;i{z) II E{Pj,Pk)ll<j{Pj) , (4.10) 

j<k ■'^ 
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for all i G Ig, where 0A,i(e) := 92.0A(-z)|z=e) ^ G . Furthermore, 

eiic- + w-z) = ^^ff^f'T^ ^MH , (4.11) 

for all w,z G C, with the Wronskian of {0;^}^^/^ at z. Note that, by ( [4.10| ), the condition 

{pi, . . . ,Pg) G \A implies 

5^0A,i(a.H(p.) , (4.12) 
j 

for all i & Ig- 

Proposition 4.3. Fix {pi,. . . ,Pg) £ \A, with A defined in Set [Ljj\ij := LVi{pj). We have 

Sfc^A.fe (ai)u;fc(pi) 
i,j £ Ig, so that 

/N . ^OA{a+ z -y - Pi) E{y, Pi) yj x TT ^ /^t^^ 

and 

^ ^ ^A(a-y)nf<,i^(P.,P,)n?^(P;.) ' ^ ^ 



-]^-' = ^ = /^'^^"'^ . X , (4.13) 



for aU z, y,Xi,yi G C, i G Ig, with a, as in Definition Furthermore, fix pi, . . . ,Pn„ ^ C such 
that det . . . ,pAr^) 7^ 0, with an arbitrary basis of H^{K'!q). Then, 

7"(z) = (T(z,j)i)^""^ — , (4.16) 

eA(Ef"p.)nf^"i^(p.,p.) 

i G /Ar„ , and 

= i (4 17) 



Proof. By (pj) and (|^ we have o", = Y.jM'^l^ji and ( [OsD follows by (|]T|) and dOol) . 
Eqs.( [4.14| )( [4.15D follow by ( |3.13D and by detc7i(pj) = 1, respectively. Similarly, ( [4.16D follows by 
(13) and ( PI ). Eq.(|l|) follows by det7f (p^) = 1. □ 

Corollary 4.4. Fix (pi, . . . ,Pg) G \ ^. Tiien 

^Aj (ai) 



E 



^A,z (ai)a;z(pi) 



^k{Pi) = Sjk 



j,k G Ig. 



Proof. This is just the identity ['^]i/['-^]ki = ^jk with [uj]ij^ given by ( 4.13 ). 



□ 
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^.2. Special loci in from the condition of linear independence for holomorphic differentials 

There exist natural homomorphisms from Sym'^ (H^ (Kc)) to H^{K'^), which, for n = 2, we 
denote by 

r] ■ p r]p . 

By Max Noether's Theorem, if C is a Riemann surface of genus two or non-hyperehiptic with 
g > 3, then ip is surjective. Set 

Vi := ilj{a ■ a)i = a^^a^^ , (4.18) 



i G Im, so that 



j Ig. By dimensional reasons, it follows that for g = 2 and 5 = 3 in the non-hyperelliptic case, 
the set {vi}i^ij^ is a basis of H^{K^) if and only if {0-^}^^/^ is a basis of H^{Kc)- On the other 
hand, for (7 > 3 in the hyperelliptic case, there exist holomorphic quadratic differentials which 
cannot be expressed as linear combinations of products of elements of H^{Kc), so that vi, . . . , vjy 
are not linearly independent. The other possibilities are considered in the following proposition. 

Proposition 4.5. Fix the points pi, . . . ,pg G C, with C non-hypereUiptic of genus 5 > 4. If the 
following conditions are satisfied 

i. det rji{pj) ^ 0, with {77^}^^/^ an arbitrary basis of H^{Kc); 

a. b := ^l^^Pi is the greatest common divisor of (ai) and (CJ2), with {cjijig/^^ dehned in ( 4.6), 
then {vi}i^ij^ is a basis of H^{K^). 

Conversely, if there exists a set of holomorphic 1-differentials, such that 

a. ii^ 3 ^ cFi{pj) = 0, for aU i,j G Ig; 

b. {vi}i^ij^ is a basis of H^[Kl;), with iii := a&i, i G In; 
then i) and ii) hold. 

Proof. To prove that i) and ii) imply that {fijig/^ is a basis of H^^Kq), we first prove that 
o"i is the unique 1-differential, up to normalization, vanishing at Ci := {ai) — b, i = 1,2. Any 
1-differential a[ G H^{Kc) vanishing at Ci corresponds to an element cr^/ui of H^{0{b)), the space 
of meromorphic functions f on C such that (/) + b is an effective divisor. Suppose that there exists 
a cj- such that cr'i/o'i is not a constant, so that h'^{0{b)) > 2. By the Riemann- Roch Theorem 

h\Kc ® 0(-b)) = /i°(0(b)) - deg b - 1 + > 3 , 

there exist at least 3 linearly independent 1-differentials vanishing at the support of b and, in par- 
ticular, there exists a linear combination of such differentials vanishing at pi, . . . ,pg. This implies 
that detr]i{pj) = 0, with {r/ijig/^ an arbitrary basis of H^{Kc), contradicting the hypotheses. Fix 
Cii Ciii C2i G C in such a way that 

g g 9 

i=3 i=l 1=2 
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Evaluating this relation at the point pj, 3 < j < g yields Q = 0. Set 

9 9 

ti := - E ^^J^'J ' *^-=Yl <^J^J ' (4-20) 

J=2 J=l 

SO that (Jit2 = (^2^1- Since the supports of ci and C2 are disjoint, ti must be an element of 



F"(Kc ® 0{-Ci)), i = l,2 and then, by the previous remarks, ti/ai = t2/u2 = C ^ 'C. By (|4.20D 



3=2 k=l 

and, by linear independence of o"i, . . . , (Tg, it follows that C, = Cij = C,2k = 0, 2 < j < g, k G Ig. 

Let us now assume that a) and b) hold for some set {ai}i^j^. Then {ai}i^j^ is a basis of H^{Kc) 
if and only if detr7i(pj) 7^ 0. If {fJijig/^ is not a basis of H^{Kc)-, the corresponding -0^, i S /at, 
cannot span a A'^-dimensional vector space. Then i) is satisfied and the basis {^i\i^ig corresponds, 
up to a non-singular diagonal transformation, to the basis {(Ti}ig/^, defined in ( |4.6| ). 

Without loss of generality, to prove ii) we can assume that ai = ai, i (z Ig and then Vi = Vi, 
i G In- Suppose there exists p & C such that p + b < (0-^), for alH G /2. If p = pi or p = p2, then 
ai{p) = 0, for all i G Ig, and therefore {(Jijig/^ would not be a basis, which contradicts b). 

Suppose there exists i, S < i < g, with p = p^. In this case, each vj, j G In \ {i}, has a 
double zero in pi, whereas Vi{pi) 7^ 0; therefore, an element of H^{Kq) with a single zero in pi 
(such as, for example, cTidj, with 3<j<g,j^i) cannot be expressed as a linear combination of 
1^1, . . . , uat, in contradiction with the assumptions. 

Finally, suppose that p Pi, for all i ^ Ig- In this case, there exists at least one (Ti, 3 < i < g, 
with o"i(p) 7^ 0, since, on the contrary, {ai}i^ig would not be a basis of H^{Kc)- Suppose that 
'^i(p) 7^ ^j(p) 7^ foi' some 3 < i,j < g, i ^ j. Then aiCTj cannot be expressed as 
a linear combination of Vk, k G In- In fact, (Ti(Jj{pk) = 0, for all G Ig, would imply that 
aiGj = (Tipi + (T2/325 for some pi-,p2 G H^iKc)', but this is impossible, since cri(p) = = cr2{p), 
whereas aiaj{p) 7^ 0. Therefore, there should exist exactly one i ^ Ig with (Ji{p) 7^ 0. It follows 
that (Jj{p) = = crj{pi), for all j G \ {i}; then h^{Kc ® 0{—p — Pj)) > 5 — 1 and, by Riemann- 
Roch Theorem, there exists a non-constant meromorphic function on C, with only single poles in 
p and Pj. But this would imply that C is hyperelliptic, in contradiction with the hypotheses. □ 



The proof that i) and ii) imply that {vi}i(zi^ is a basis is due to Petri [g] (see also |3^). It 
can be proved that on a non- hyperelliptic curve there always exists a set of points {pi, . . . 
satisfying the hypotheses of Proposition |4.5|. This is related to the classical result dim = g — A 



for non-hyperelliptic surfaces of genus g( > 4, as will be shown in Corollary 4.14 



In view of Theorem 4^, it is useful to introduce the following subset of = C x . . . x C. 

g times 

Definition 4.6. Let B be the subset of 

B := {(pi, ...,Pg)€CS\ detViiPj) = V gcd((ai), (^2)) 7^ b} , 
for an arbitrary basis {r]i}i^i of II^{Kc)- 
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Corollary 4.7. Fix {pi, . . . ,pg) ^ \A such that the greatest common divisor of (o"i) and (cr2) 
be b + qi + . . . + Qn, for some qi, . . . ,qn € C, n > 1. Then the dimension r of the vector space 
generated by {vi}i^ij^ is r = N — n. 

Proof. Let us prove that n is the number {N — r) of independent hnear relations among vi^ . . . , v^. 
Set d := gi + ... + g„. By det r]i{pj) ^ 0, the quadratic differentials erf, i G Ig, are linearly 
independent and independent of o'ia2,criai,a2(Ji, i G Ig\ {1,2}. Therefore, all the independent 
linear relations have the form 

CTlt2 = (T2tl , (4.21) 

for some ti,t2 £ H^{Kc), with the condition ti(pi) = in order to exclude the trivial relation 
ti = ai, i = 1,2. Consider the effective divisors ci,C2 of degree g — n with no common points, 
defined by q := (cJi) - d - b, i = 1,2. By detrji{pj) 7^ 0, it follows that h°{Kc 0{-b)) = 
2, so that h^{Kc ® 0{—b — d)) = 2 too. This implies that ai/a2 and CT2/cri are the unique 
elements of H^{0{ci)) and H^{0{c2)), respectively. Then, by Riemann-Roch Theorem, we have 
h°{Kc 0{-Ci)) = n + 1, i = 1, 2. By Eg. ([4. 21]) , the divisors of ti, t2 satisfy 



Cl + (^2) = C2 + (tl) , 

SO that ti G H^{Kc (8) (!?(— q)). In particular, a basis (Ti,ai, . . . , of H^{Kc ® 0{—ci)) can be 
chosen in such a way that ai{pi) = 0, for all i £ In- Hence, ti is a linear combination of ai, . . . , 
and there are at most n linearly independent relations of the form ( |4.2l| ). This implies N — r < n. 

Let us now prove that such n linearly independent relations exist. By the Riemann-Roch 
Theorem, since h°{Kc0O{-b-d)) = 2, we obtain h°{0{b+d)) = n+1; a basis for if°(0(b+d)) is 
given by ai/cJi, . . . , a„/o"i and the constant function. On the other hand, if cr2, . . . , is a basis 
for H^{Kc^O{—C2)), then Pi/a2, . . . ,Pn/o'2 are n linearly independent elements of H^{0{b + d)). 
Hence, there exist n linearly independent relations 

„ n 
0-2 ^ 0"1 

i G In-, for some Cij G C, < j < n. By multiplying both sides by cji(T2, we obtain 

n 

criPi = ^^Cij(^20Lj + Cioaia2 - 

Therefore, N — r > n and the corollary follows. □ 
Consider the holomorphic 3-differentials (with the notation defined in section ^) 

= aaai := a^^a^^a^^ , (4.22) 

i G Ims, with {(Ti}ig7g a basis of Il'^{Kc)- By the Max Noether's Theorem and dimensional reasons, 
it follows that the first A^3 := — 5 of such differentials are a basis of H^{K^) for g = 2> in the 
non-hyperelliptic case, whereas they are not linearly independent for g > 2 \n the hyperelliptic 
case. The other possibilities are considered in the following proposition. 

Proposition 4.8. Fix the points pi, . . . ,pg G C, with C non-hyperelhptic of genus 5 > 4. If the 
following conditions are satisfied for a fixed i G \ {1, 2}; 
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i. detr]j{pk) 7^ 0, with {rij}j^ig an arbitrary basis of H^{Kc); 

ii. b := X]j=3Pj ^'s greatest common divisor of (cri) and {(J2), with {aj}j^i^ defined in ( 4.6); 
Hi. pk is a single zero for cJi, for aU k ^ i, 3 < k < g; 

then the set {^j}j€iN3-i ^ Wi+bg-s} is a basis of H^{K^). In particular, if i), ii) and 
Hi', ps, . . . , pg are single zeros for cji , 

are satisfied, then, for each i, 3 < i < g, the set {ipj}ji^i^^_-^ U {(pi+^gs} is a basis of H^{K^). 

Conversely, if for some fixed i E \ {1, 2} there exists a set {(Tj lje/j, of holomorphic 1-differentials, 
such that 

a. j ^ k ^ ^jiPk) = 0, for all j, k G Ig; 

b. {(PjjjeiN-,-1 U {(^i+sg-s} is a basis of H°{Kl;), with (fj := aaaj, j G Ims', 
then i), ii) and Hi) hold. 

Proof. We first prove that if i), ii) and Hi) liold for a fixed i, 3 < i < g, tlien {ipj}j^j^^_^ U 
{ipi^5g-s} is a basis of H^{K^). To this end it is sufficient to prove that the equation 

.9 

Xl^O^i + CijC^iC^I + Ci2jCri(T2(Tj) + alii + alv + C2iCr20-i = , 

is satisfied if and only if C,j, Qij, C,2i-, Ci2j € C, 3 < j < 5, and fJ-,i^ £ H^{Kc) all vanish identically (no 
non-trivial solution). Evaluating such an equation at pj & C ,3 < j < g, gives Qj = 0. Furthermore, 
note that, by condition Hi), for each j ^ i, 3 < j < g, aia'j is the unique 3-differential with a single 
zero in pj, so that Cij = 0. We are left with 

9 

CiiCriCTi + C2icr2cri + al^i + alv + ^ Ci2jCfi(J2(Tj = . (4.23) 

J=3 

By Riemann-Roch Theorem, for each k, 3 < k < g, h^{Kc ® 0{—b — Pk)) > 1; the condition 
H) implies that h^{Kc ® 0{—b — pk)) < 1, so that, in particular, there exists a unique (up to a 
constant) non-vanishing /3 in H^[Kc ® 0{—b — Pi)). Furthermore, 

9 

H\Kc(^0{^b))^ U H\Kc®0{-b-pk)) , 

fc=3 

because the LHS is a 2-dimensional space and the RHS is a finite union of 1-dimensional subspaces; 
then, there exists a G H^{Kc ® 0{—b)) such that ps, . . . ,Pg are single zeros for a. Note that a 
and P span H^{Kc (S) 0{-b)) and a^, and a/3 span H^{K^ (8) 0{-2b)). Hence, the existence of 
non-trivial Cii,C2i, Ci2j, i^, A* satisfying Eq.( 4.23 ) is equivalent to the existence of non-trivial i^' , fi' G 
H°{Kc) and Ca)C/3,Ca/3j G C satisfying 

9 

J=3 

Note that aaf is the unique 3-differential with a single zero in pi, so that = 0. Condition H) 
implies that b is the greatest common divisor of (a) and (/?). Then a 7^ on the support of C/3, 
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where Cp := — b — pi. Hence, fi' € H^{Kc (8) 0{~cp)), which, by Riemann-Roch Theorem, is a 
1-dimensional space, so that ^' = C,'^j3, for some G C. Since, by construction, /? 7^ 0, we have 

By evaluating such an equation at pi gives C/3 = 0. Furthermore, since /3 7^ on the support of c^, 
where Cq, := (a) — b, it fohows that v' = (^a, for some G C. Since a 7^ 

9 

which implies that = C = Ca/3j = 0, for all 3 < j < g. 

Conversely, suppose that a) and b) hold for some fixed i, with 3 < i < g, and for some set 
{(jjljg/^. If det?7j(pfc) = 0, then {aj}j^jg is not a basis of H^{Kc) and {<^j}jg7jv3-i cannot span 
a (A^'a — l)-dimensional vector space. Then i) is satisfied and the basis {crj}j^i^ corresponds, up 
to a non-singular diagonal transformation, to the basis {aj}j^i^, defined in ( [4.61) . 
Without loss of generality, we can prove ii) and in) for dj = ctj , j G Ig and then (pj = , j £ Im^ ■ 
Since the 3-differentials aiVj, j & In, are distinct elements of a basis of H^{Kq), then Vj, j £ In, 
are linearly independent elements of H^{K^) and, by Proposition |4.5| , also condition ii) is satisfied. 
Finally, assume that there exists k ^ i, 3 < k < g, such that ai has a double zero in pk- Then, 
apart from (pk = f^, which satisfies (pk{pk) 7^ 0, all the other 3-differentials of the basis have a 
double zero in pk- Therefore, an element of H^{K^) with a single zero in pk cannot be a linear 
combination of the elements of such a basis, which is absurd. (An example of a holomorphic 3- 
differential with a single zero in pk is iT2(t|, since, by condition ii), (T2 cannot have a double zero 
inpk). □ 

4.3. Combinatorial lemmas and determinants of holomorphic differentials 



Applying Lemmas p.5| and 2.7 to determinants of symmetric products of holomorphic 1- 



differentials on an algebraic curve C of genus g leads to combinatorial relations. By Eg. ( 3. 13 ) 
and ( |3.14| ), such combinatorial relations yield non trivial identities among products of theta func- 
tions. 

Proposition 4.9. The following identities 

detrjr]{xi,X2,X3) = detri{xi,X2) detri{xi,X3) detr]{x2,X3) , 9 = 2, (4.24) 
I 4 

detr]r]{xi,...,X6) = e(s) n^^*'?(^rfl('')'^4(«)'^4(«)) ' 5 = 3 , (4.25) 

sep^ i=i 

9+1 

J] e(s)[]detr/(xrf.(,)) =0 , g>4, (4.26) 

seVM i=i 

where {rji}i^i^ is an arbitrary basis of H^{Kc) and Xi, i E Im, are arbitrary points of C, hold. 
Furthermore, they are equivalent to 

A , ( \ \ 13 nLi ^a(Ej=i - 2xi) Wl a{xj) 

det7?7?(xi,X2,X3) = -kM y{ W( ^ ' (^•^'^) 

1 ii<j ^K^i, Xj) 
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for g = 2 



for g 



(4.28) 



fc=l 



nLi^(2/fe,s'a;d»=(«))c7(yfc 



, 



(4.29) 



for 5 > 4, wiiere y^^s, k G /g+i, s G Vm, are arbitrary points of C. 

Proof. Eqs.( 4.24 )-( 4.26| ) follow by applying Lemma [zlsj to detri7]{xi, 
vanishes for g > A. Eqs.(|]2^-(|^ then follow by Eq.(p^). 

In [^8| D'Hoker and Phong made the interesting observation that for g = 2 

detLJu;(xi, rE2, X3) = deta;(zi,X2) detw(a;i,X3) detci;(x2, 2:3) , 



xm) and noting that it 

□ 



(4.30) 



that proved by first expressing the holomorphic differentials in the explicit form and then using the 
product form of the Vandermonde determinant. Eq.(4.30) corresponds to ( 4.24| ) when the generic 



basis 771, r/2 of H^{Kc) is the canonical one. On the other hand, the way ( 4.24 ) has been derived 
shows that ( |O0| ) is an algebraic identity since it does not need the explicit hyperelliptic expression 
of iOi and 102- Eq.( [4.3d| ) is the first case of the general formulas, derived in Lemmas p.5| and p.7| , 
expressing the determinant of the matrix ffi{xj) in terms of a sum of permutations of products of 



determinants of the matrix fi{xj). In particular, by ( 4.25 ), for g = 3 we have 



I 4 
detu;u;(xi, ...,X(i) = — ^ e(s) det a;(xd 



i = l 



For n < g, a necessary condition for Eq.( 2.1^ ) to hold is the existence of the points pi, 



3 < "i < 5, satisfying Eq.( 2.13 ); in particular, Lemmas 2^ and 2/7 can be applied to the basis 
{ai}i^r, of F"(i^c), defined in Eq.(PD. 



Theorem 4.10. Fix the points pi, . . . ,pg E C, and di G H^{Kc), i G Ig, in such a way that 
ai{pj) = 0, for aU i j e Ig. Define Vi G H^{Kl;), i e In, by 

Vi := ipia ■ a)i = a^^a^^ , 

and let {r]i}i^i^ be an arbitrary basis of H^{Kc)- Then, the foUowing identity 

det rii{pj) ^ 



detv{p3, . . . ,Pg,Xl, . . . ,X2g- 



o"i(pi) 0-2(^2 



i=3 



(4.31) 



5+1 



e(s)det?7(xrfi(,))det?7(xd2(^)) JJdet?7(xrf«(^),Xrf«(,),P3,...,Pg) , 



i=3 
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holds for all xi, . . . , X2g-i G C, where, according to ( 2.18 ), Cg^2 = dKd ~ ^)K'^9 ~ !)■ 

Proof. Assume that pi, ■ ■ ■ ,Pg satisfy the hypotheses of Proposition [4.1| , so that {(Ti}ig/^ is a basis 
of H^{Kc) and ai{pi) ^ 0, for all i £ Ig. Since the points pi, . . . ,pg satisfying such a condition 
are a dense set in C^, it suffices to prove Eq.(|3l|) in this case and then conclude by continuity 
arguments. A relation analogous to ( [4.19[ ) holds 



Vi{Pj) 







g + 1 <i < M , 



j & Ig, so that 

9 

detv{p3, . . . ,Pg,xi, . . .,X2g-i) = {-y^^ W ^i{Pi)'^ det aa{xi, . . .,X2g-i) . 

„ Im.2 



i=3 



By Lemma ^]5| for n = 2, det/^^ 2 cjcj(a;i, . . . , X2g-i) is equal to the RHS of ( 2.14 ) divided by 
ULs^iiPiy'^- Eq. (|4.31|) then follows by the identity 



det r]i{zj) , ^ ^ , . dei-qi{zj 



Remark 4.11. If detr]i{pj) ^ 0, then Theorem 4.1C holds for di = 0"^, so that (Ti{pi) = 1, i G Ig, 
and Vi = Vi, i € In- 

Corollary 4.12. Let b := ^^^^Pi he a fixed divisor of C and dehne Vi, i € In, as in Theorem 
4.1(X Then for all xi, . . . ,xn S C 

det v{xi, . . . , xn) = 



F 9A{E^X.)Ul2gi'^i^^nr-=\E{x„X.)) 

ii f^(^i) 



2g-l 



2g-l 



ser2g 



i=l 



1=9 



i<j 



(4.32) 



9-1 



^^(^(X,, +Xs, + ^ + b)E{Xs,,Xs^^JYlE{Xs,,Pi)E{Xs, + ^,P^)] , 



k=l 



i=3 



where F = F{pi, . . . ,pg) is 

'5"i(pi)o-2(p2) 



F :-- 



9+1 



n 



^iiPiY 



S{a)a{pi)a{p2)E{p^,p2)J cj{pir{E{p,,pi)E{p2,p.))9+^U->i ^iPi^Pj)"" ' 



detp{xi,... ,xn) 



Proof. Apply Eq. (|43l| ) to 

det{)(xi, . . . ,XAr) = — 

detp{p3, . . . ,pg,xi, . . . ,X2g-i) 
with {pijieii, an arbitrary basis of H^iK^). Eq.(|]32|) then follows by Eqs.(p^)(|3l^). 



det£'(p3, . . . ,Pg,Xl,. . .,X2g-l) 



□ 
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4-4- Characterization of the B locus and the divisor of K 



Proposition 4J shows that deirjiipj) ^ 0, for an arbitrary basis {rji}i^i^ of H^(K), is a 
necessary and sufficient condition on the points pi, . . . ,pg for the existence of a basis of holomorphic 
1-differentials {(5"^}^^/^, such that i ^ j ^ '^iiPj) = 0, i,j E Ig. By Eq.( |3.13| ) and ( 3.12D it fohows 



that the subset A C C^, for which such a condition is not satisfied, corresponds to the set of 
solutions of the equation 



g 



i<j 

It is more difficult to characterize the locus B C , whose elements are the (^-tuples of points 
Pi, . . . ,Pg which do not satisfy the conditions of Proposition |4.5| . The following theorems show 
that such a locus can be characterized as the set of solutions of the equation H = for a suitable 
function H{pi, . . . ,pg). 

Theorem 4.13. Fix g — 2 distinct points ps, . . . ,pg G C such that 

{/(p+b- A)|pe C}ne, = , (4.33) 

b := ^3 Pi. Then, for each p2 & C \ {ps, . . . ,pg}, there exists a finite set of points S, depending on 
b and p2, with {p2, . . . ,Pg} C S C C , such that, for aU pi G C \ S, the holomorphic 1-differentials 
{(Ti}ig/g, associated to the points pi,...,Pg by Proposition \4.l[ is a basis of H^{Kc) and the 
corresponding quadratic differentials {vi}i^j^ is a basis of H^{Kq). Conversely, if for some fixed 
g — 2 arbitrary points p3, . . . ,pg £ C , there exist pi,P2 £ C such that the associated {ai}i^j^ and 
{uijig/^ are bases ofH^{Kc) and H^{Kl), then (|[^ holds. 



Proof. Eq.(|433|) implies that h^{Kc®0{-b-p)) = 1, for slip G C. Hence, h^{Kc®0{-b)) = 2 
and, for each pair of linearly independent elements (Ji,a2 of H^{Kc (8) 0{—b)), the supports of 
(ui) — b and ((T2) — b are disjoint. Fix p2 £ C \ {ps,. ■ ■ ,Pg} and let fJi be a non-vanishing 
element of H^{Kc (8) 0{ — b — ^2))- Define the finite set S as the support of (o"i) or, equivalently, 
as the union of {p2, . . . ,Pg} and the set of zeros of S{x + p2 + b). Then, for all pi G C \ 5, fix 
£72 G H^{Kc®0{—b — pi)) so that ai and a2 are linearly independent. Thenpi, ■ . . ,Pg satisfy the 
conditions i) and ii) of Proposition 4^, and {vi}i^ij^, as defined in ( |4.18 ), is a basis of H^{K'q). 



Conversely, if I{p + b — A) G 6s for some p £ C, then, for each pair (Ti,(T2 G H^{Kc 0{—b)), 
their greatest common divisor satisfies gcd(fJi, fJ2) > p + b and the condition ii) of Proposition ^.5| 
does not hold. □ 

The classical result that the dimension of 0s is 5 — 4 for a non-hyperelliptic Riemann surface 
of genus 5 > 4, immediately gives the following corollary by simple dimensional considerations. 

Corollary 4.14. In a non-hyperelliptic Riemann surface C of genus g > 4, there always exist g 
points pi, . . . ,pg £ C such that the corresponding {vi}i^ij^ is a basis of H^{Kq). 



Proof. By Theorem 4.13, it is sufficient to prove that there exists b G Cg-2 satisfying the condition 
( 4.33 ). Suppose, by absurd, that this is not true. Then, a translation of Wg-2 = I{Cg-2) is a 
subset of 0s Wi := {e — I{p) \ e G Qs,P £ C}. The corollary then follows by observing that 
Wg-2 has dimension g — 2, whereas the dimension of each component of 0s Q Wi is less than 
dim0s + dimVFi = g - 3. □ 
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Theorem 4.15. Fix pi . . . ,pg e C. The function H = H{pi, . . . ,pg) 

^ _ S{afa-'E{p,,p2y+^ A E{pr,p,fE{p2,p^f\{U^^P^^P^f 

(4.34) 

is independent of the points xi, . . . , X2g-i G C. Furthermore, the set {vi}i^ij^ , defined as in ( 4.1j 
is a basis of H^{K'^) if and only if H ^ 0. 

Proof. Consider the holomorphic 1-difFerentials 



LOj[Z) , 



j=i j=i 



i G Ig, with 84 as in Definition 4^ and vli, . . . , non- vanishing constants. If the points pi, . . . ,pg 
satisfy the hypotheses of Proposition |4.l|, then {d'ijiizi^ corresponds, up to a non-singular diagonal 
transformation, to the basis defined in ( [1.6D . Let {pijig/^ be an arbitrary basis of H^{K^). By 



(3.14) the following identity 



det/9(p3,...,Pg,Xi,...,X2g-l' 



29-1 , 2g-i 99 9 25-1 



= K[p\e{s) W E{x,^,x,^)9a[Z Xi + bjll a{x,fl[a{p,f J] E{pi,p,)ll J] ii;(p„x,) , 

«>j = i ^ 1=1 1=3 ».j=3 1=3 j=l 

holds for all s G V2g-i- Together with Eq.( |4.3 and the above expression for (T^, it implies that 

U ri /A 4 Ng+l A /i4dett)(p3,---,P5,2;i,...,X2g-l) , . 

H = 4p]c9AAiA2y^ [[A—— • (4-35) 

Hence, H is independent of xi, . . . , X2g-i, and if 7^ if and only if {£ii}ig/j^ is a basis of H^{K^). 
On the other hand the vector (vi, . . . ,vn) corresponds, up to a non-singular diagonal transforma- 



tion, to {vi, . . . , vn), with Vi, i £ I]sf, defined in ([4.1^ ). □ 
Remark 4.16. By ( ^ ) 

r-^i H{pi,...,Pg) 

k\v\ — 



C,,2(^lA2)^ + inf=3^' 

Furthermore, \i {pi, . . . ,Pg) ^ A, then one can choose 

9 9 



Ai = a{pi)S{a)Y[E{pi,Pj) = '^eA,j{ai)ujj{pi) 



,7=1 j=i 
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to obtain ai = ai, i G !„, and 



K\V\ 



Hjpi,. . . ,Pg) 



H{pi,...,Pg) 



(4.36) 



Observe that A G B. Theorem 4.1S shows that if {pi, . . . ,pg) ^ A, a. necessary and sufficient 
condition for (pi, . . . ,pg) to be in B is that there exists p € C such that I{h + p — A) G 0^. Hence, 
B is the union of A together with the puh-back of a divisor in C^~^ by the projection C^~^ 
which "forgets" the first pair of points: (pi, . . . ,pg) —>■ {ps, ■ ■ ■ ,Pg)- Such a divisor is characterized 
by the equation K = 0, where K is defined in the following corollary. 

Corollary 4.17. Define 

1 

K{p-i, ...,pg):-- 



OA{b + ^0 u'r' ^(^.) nts ^(po 



(4.37) 



E 



s(ELi^..)s{E£ 



29-1 ^ \ 9-1 



2g-l 



n 



a. K = K{p3, . . . ,pg) is independent of xi, . . . , X2g-\ S C. 

b. For any pi, . . . ,pg G C such that detr]i{pj) ^ 0, the set {vi}i^ij^, defined in ( [4.18| ), is a basis 
ofH^{Kl) if and only if K ^ 0. 

c. 

5(pi+P2 + b) = 0, Vpi,p2eC =^ K = 0. (4.38) 
d. If p3, . . . ,pg are pairwise distinct and K 0, then there exist pi,p2 & C such that H ^ 0. 

Proof. 

- a. The ratio 



H 

K 



S{af3-'E{p,,P2r+^ J{{E{p,,p,)E{p2,p,)y n E{p^,p,f , (4.39) 



j=3 



3 



is independent of xi, . . . ,X2g-i, so that a) follows by Theorem 4.15 or, equivalently, noticing 
that by Eqs.(|l|)(|]3|)(|^ and (Q) 



K{ps,...,pg) := {-r+'cg,2^^^ n E{p.,p,r-^lla{p,)'-<^ 



(4.40) 



2>J— 3 



i=3 



b. By ( pJ^ ) and (|^ the condition detr/iXp^) 7^ implies H/K ^ 0. In this case K 7^ if 
and only ii H ^ 0, and b) follows by Theorem [4.15| . 
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c. If S{pi + P2 + b) = 0, for all pi,P2 G C, then the numerators in each term of the sum 
in (|4.37 ) vanish for all xi, . . . , X2g-i G C. Since K is independent of xi, . . . , X2g-i, it follows 



that the proof of point c) is equivalent to prove that there exist xi, . . . ,X2g-i € C such 



that the denominators in (4.37) do not vanish. On the other hand, the possible zeros of such 
denominators are the ones corresponding of the zeros of the primes forms, which are avoided by 
simply choosing ps, . . . ,pg,xi, . . . , X2g-i pairwise distinct, and the ones of 0A(b + Y^i^ ^ ^i)- 



Fix an arbitrary y ^ C and set w := I{b + X]g+i^ Xi + y — 2A). Then 

0(b + '£'xi-3A) =9{w + Zxi-y- A) , 
1 1 

and, by the Jacobi Inversion Theorem, by varying the points xi, . . . ,Xg € C one can span 
the whole Jacobian variety. Then, one can always choose xi, . . . ,X2g-i pairwise distinct and 
distinct from ps, . . . ,pg in such a way that 6(^w + — y — A) 7^ 0, so that the denominator 

does not vanish and c) follows. 

- d. Since K ^ 0, hy c) there exist pi,P2 G C such that 5(^1 + P2 + b) ^ 0. By continuity 
arguments, it follows that there exist some neighbourhoods Ui C C pi, i = 1,2, such 
that S{xi + X2 + b) 7^ for all {xi,X2) € Ui x 1/2- Hence, we can choose pi,P2 so that 
S{pi + P2 + b) ^ and pi, . . . ,pg are pairwise distinct. Then, by Eg. ( [4.39|) , H/K ^ and, 
since K 0, we conclude that H ^ Q. □ 



In view of Eq. (^lol) , it is useful to define 



i.i=3 i — R I- J 



which is a holomorphic {g — 3)-differential in each of its g — 2 arguments. 

Theorem 4.18. Fix pi, . . . ,pg S C, with C non-hyperelliptic of genus g > 4 and let {<Ti}ie/g be 
a set of non-vanishing holomorphic 1-differentials such that i ^ j ^ ^i{Pj) = 0, for all i,j G Ig. 
The following statements are equivalent 

i. The conditions 

i' . (pi, . . . ,pg) ^ A; 

i" . b := "^i^sPi is the greatest common divisor of (ai) and {(J2); 
are satisfied; 



ii. H{pi, . . . ,pg) 7^ 0, where H is defined in Eq.( 4.34 ); 
in. {vi}iQij^ is a basis of H'^{K^), with Vi := adi, i G Im- 
More generally, Ex ps, . . . ,pg G C. The following statements are equivalent: 
iv. ps, . . . ,pg are pairwise distinct and {I{p + b — A)|p G C} R 0s = 0; 

V. ps, . . . ,pg are pairwise distinct and K{p^, . . . ,pg) 0, where K is de&ned in Eg. ( 4.37 ); 

vi. There exist pi,P2 G C such that pi, . . . ,pg satisfy i), ii) and Hi); 

vii. For all p (z C, S{x+p + b) does not vanish identically as a function of x; furthermore, for each 
P2 G C \ {ps, . . . ,Pg}, the points pi, . . . ,Pg satisfy i), ii) and Hi) if and only if pi is distinct 
from P2, ■ ■ ■ ,Pg 3.nd from the g — 1 zeros of S{x + P2 + b). 
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Proof. 

- i) <^ in) is proved in Proposition [4.5| (in the direction i) ^ in), only the case of normahzed 1- 
differentials (7i{pi) = 1, for all i € Ig is considered; however, by the hypothesis i'), the general 
case can be reduced to this choice by a non-singular diagonal transformation on {0-^}^^/^); 
Hi) is proved in Theorem 4.15^ 



n) 

vii) vi) is obvious; 



iv) 4^ vii) follows by first noting that S{x + p + h) identically vanishes as a function of x if 
and only if I{p + b — A) G 0s, and then by Theorem [4.13 ; in particular, in such a theorem it 



is proved that for each fixed P2 ^ C \ {pa, . . . the points pi, . . . ,pg satisfy i) if and only 
if the conditions pi ^ {p2, ■ ■ ■ ,Pg}, S{pi + P2 + b) ^ and iv) hold; 
- vi) ^ iv) also follows by Theorem [4.13| , where it is proved that if iv) does not hold, then i") 
cannot be satisfied; 



v) <^ vi), finally, follows by Corollary 4.17, where it is proved that i') and v) are equivalent to 
a) and that if v) holds, then there exist pi,P2 ^ C such that pi, . . . ,pg satisfy ii). □ 



The function K{p^, . . . ,pg) defined in Eq.(4.37), whose zero divisor is characterized in the 



theorem above, is the fundamental tool in the proof of the following theorem. Such a result heavily 
relies on the properties of Qg in the case the sublying ppav is the Jacobian torus of a canonical 
curve. By the Riemann Singularity Theorem, 

Qs = wI_, + k:p'^^i{cI_,)-i{i^), 

where pq ^ C is the base point for /, Wg_i := I{Cg_i) and Cg_i C Cg-i is the subvariety of 
codimension 2 in Cg-i, whose elements are the special effective divisors of degree g — 1. Note that 
each effective divisor d G Cgs of degree g — 3 canonically determines an embedding TTd '■ C2 ^ 
Cg_i, C2 9 c I— > c + d G Cg_i of C2 as a subvariety of dimension 2 in Cg_i. Hence, by a simple 
dimensional counting, we expect the intersection Cg_i fl TTd{C2) to have (in general) dimension 
0. The following theorem shows that, in the general case in which such an intersection does not 
contain any component of dimension greater than 0, Cg_i n7rrf(C2) corresponds (set-theoretically) 
to a set of g{g — 3)/2 points; furthermore, a remarkable relation of such a set of points with 
the canonical divisor is given. Since the restriction of the Abel-Jacobi map to C2 is an injection 
(because C is non-hyperelliptic), such points are in one to one correspondence with the points in 
the intersection 6^ n {W2 + I{d - A)), where W2 = /(C2). 

Theorem 4.19. Let C be non-hyperelliptic of genus g > 4: and fix p4, . . . ,pg & C . Then, either: 

a. For each point p & C, there exists a point q G C such that 

I{p + q + P4 + . . . + Pg - A) £ ; 

or: 

b. There exist k := g{g — 3)/2 effective divisors ci, . . . ,Ck G C2 of degree 2, such that 

a := I{c,+p4 + ...+Pg ~ A) eOs , VzG/fc. (4.42) 

Moreover, X]i=i Ci + (5 ~ 2) Yli=4:Pi divisor of a holomorphic {g — 3) -differential on C . 

Proof. Consider K{z,p4, . . . ,pg) as a function of z. It vanishes at z = p if and only if there exists 
a point q G C such that I{p + q + pi + . . . + Pg — A) G Gg. Then, K = for all z £ C if and only 
if statement a) holds. 
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Now, assume that K{z,p4^, . . . ,pg) is not identically vanishing and consider 



:= K{z,p^, . . . ,pg)flE{z,pir-^a{z) 



S-3 



(4.43) 



i=4 



By ( 4.40D , (/) is a holomorphic {g — 3)-difFerential on C. Therefore, the divisor d of K{z,p4, . . . ,pg) 



is effective {K has no poles) of degree g{g — 3) and d + {g — 2) Yli='iPi ^he divisor of a (5 — 3)- 
differential. It only remains to prove that d is the sum of all the effective divisors of degree 2 
satisfying Eq.( 4.42 ). By the equivalence of iv) and v) in Theorem |4.18 , if c := ^1 + ^2 satisfies 
Eq.( [1.42 ), then gi and q2 are both zeros of K. By construction, K{z,p4, . . . ,Pg) can be written as 



K{z,pi, ...,pg) = F{z,p4, ... ,pg,xi,.. .,X2g-i) det Lpi{xj) , 

where ipi, . . . , f2g-i is a set of generators (depending on z,p4, . . . ,pg) oi H^{K'^®0[—z—pi — . . .— 
Pg)) and j;i , . . . , 2:23-1 are arbitrary points in C; F is such that, by Corollary 4.17| , K do not depend 
on xi, . . . , X2g-i. It is easy to verify that K vanishes only if det ^Pi{xj) = for all xi, . . . , X2g-i € C; 
the multiplicity of such a zero is 2^7 — 1 — r, where r := h^{K'^ ® 0{—z — p4 — . . . —pg)). The space 



H^{Kl®0{-z-p4 



■ Pg)) is generated by elements aif], cj2p, as r],p vary in H^[Kc); here. 



o"!, (T2 is a basis for the 2-dimensional space H^{Kc(SO{- 
q € C such that q+p4 + . . ■+Pg is special, then K{z,p4, . . . 

shows that K{z,p4, . . . ,pg) ^ 0, that is r = 2g—l, if and only if h^{Kc®0[—q—z—p4 



■z—p4 — . . . —Pg)) (note that if there exists 
,Pg) identically vanishes) . Proposition [4. 5| 

1 



(or, equivalently, q + z + p^ + . . . + pg is not special) for all q ^ C . Let qi be a zero of K and 
denote by n the maximal integer for which there exist n — 1 points q2,--- ,qn £ C such that 
h^{Kc ® 0{—qi — . . . — qn — P4 — . . . — Pg) = 2. By the considerations above, since qi is a zero, 
n > 2; furthermore, q2, ■ ■ ■ ,qn are zeros of K too. Corollary 4.7 shows that 



r = h°iK^0O{-qi-p4 



Pg)) = h\Kl®0{ 



-qi 



Pa 



P,)) 



n 



so that the multiplicity of each qi, i € is 2g — 1 — r = n — 1. Now, consider a zero q[ of 
K(z ,P4, . . . ,Pg), distinct from qi, . . . , q^] by the same construction, if q'l has multiplicity n' — 1, 
with n' > 2, then it is an element of a set of n' (possibly coincident) zeroes {q'l, . . . ,q'^} with 
the same multiplicity. By repeating this procedure, we obtain a finite number / of disjoint sets of 
zeroes; for each i Ii, the i-th set contains > 2 zeroes, we denote by ql, ■ ■ ■ ,qn., each one with 
multiplicity rii — 1. Therefore, we have 



1=1 j=i 



i=l j<k 



and, since {Kc 'S> 0{—qj — ql —p4 — . . . —Pg)) = 2, each c := q]+q\ satisfies Eg. ([4. 42]) ; conversely, 



it follows immediately that if an element of C2 satisfies Eg. ( 4. 42 ), then it is the sum of a pair of 
zeroes of K{z,p4, . . . ,pg) in the same set. □ 



5. Determinantal relations and combinatorial ^-identities 

Denote by (j)^ : H^{K^) C^" the isomorphism (/)"'{(j)^) = e^, with {cijig/^^ the canonical 
basis of C^". The isomorphism fj induces an isomorphism fj ■ fj : Sym^ {H^ (K^)) Sym^C-^. The 
natural map : Sym^ (H^ (K^,)) H^{K^) is surjective if C is canonical. 
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The choice of a basis {rji}i^i^ of H^{Kc) determines an embedding of the curve C in Pg-i 
by p I— > {r]i{p), . . . ,r]g{p)), so that the elements of {7?i}ie/9 correspond to a set of homogeneous 
coordinates Xi, . . . ,Xg on Pg-i- Each holomorphic n-differential corresponds to a homogeneous 
n-degree polynomial in F^-i by 

where Xi, . . . , Xg are homogeneous coordinates on Pg-i- A basis of H^{K^) corresponds to a basis 
of the homogeneous polynomials of degree n in Pg-i that are not zero when restricted to C. The 
curve C is identified with the ideal of all the polynomials in Pg-i vanishing at C. Enriques-Babbage 
and Petri's Theorems state that, with few exceptions, such an ideal is generated by quadrics 

M 

YCIXX,=Q, 

iV + 1 < i < M, where XXj := X^^X^^ . Here, {C'^}N<^<M, with := {C^^, Cf^^), is a set of 
linearly independent elements of P(Sym^C^) = Pm j each one defining a quadric. The isomorphism 
fj ■ fj induces the identification ¥ {Sym^ {H^ (Kc))) = Pa/, under which each quadric corresponds to 
an element of ker or, equivalently, to a relation among holomorphic quadratic differentials 

M 

i=i 

Canonical curves that are not cut out by such quadrics are trigonal or isomorphic to smooth 
plane quintic. In these cases, Petri's Theorem assures that the ideal is generated by the quadrics 
above together with a suitable set of cubics. 

This section is devoted to the study of such relations among quadratic and cubic differentials. 

5.1. Relations among holomorphic quadratic differentials 

In the following we derive the matrix form of the map v o ^p o (^a ■ a)~^ , with respect to the 
basis {o"i}ig7^ constructed in the previous subsection. This will lead to the explicit expression of 
keiip. Set 

7 _ k[vi,... ,Vi-i,Vj,Vi+i,... ,vn] , . 

K[V\ 

i G In, j G hi- 

Lemma 5.1. vi, . . . ,vm satisfy the following {g — 2){g — 3)/2 linearly independent relations 

N N 

Vi = ^i'jiVj = Yj ^i^^i ' (^^-^^ 

J = l J=9 + l 

i = N + l,...,M. 



Proof. The first equality trivially follows by the Cramer rule. The identities (4.19) imply il^ji = 



for j € /„ and i = N + 1., . . . , M, and the lemma follows. □ 
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Eg. ( |5.2D implies that the diagram 

a ■ a i Iv 



where ^5 : C*^ — > is the homomorphism with matrix elements tpij and Sym^C^ is isomorphic 



to C through A, introduced in Definition p.2| , commutes. 

Let i : -H> C*^ be the injection t(ei) = e^, i E /jy. The matrix elements of the map 

totjj-.C^'^ ^ C*-^ are 



, + 1 < z < M , 



j € Iaj. Noting that {l o = 5ij, for all i, j € /at, we obtain 

M AT 
i=l i=l 

A; E /m- Hence, lo ijj \s a projection of rank A'^ and, since l is an injection, 

ker^^ = kerio^ = (id-io^)(C*0 . (5.3) 

Lemma 5.2. The set {un-^-i, . . . , ■um}, Ui := ei — ^ji'ji' N + 1 < i < M, is a basis of ker-0. 



Proof. Since (id — t o 'ip){ei) = 0, z G /at, by (p^), the M — N vectors -Ui = (id — i o '0)(ei), 
N < i < M, are a set of generators for ker and, since dimker'0 = M — N , the lemma follows. □ 

Set Tjrji := ^/^(Ty • r/)i, i G Jg, and let be the automorphism on C^^ in the commutative diagram 

Sym2(i^0(i^2)) Jd^ Sym\H^{K^c)) 
a-a i [fj-fj 

i^M 

whose matrix elements are 

-1 ui-i _L r^i-1 r^i-i 



u-i + r„i-i 



(5.4) 



'-3 ^3 



Im, so that 

M 



Vi=Y^ X]^ r]r]j , (5.5) 

i=i 
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i G Im- Since TjTji, i E Im-, are linearly dependent, the matrix X^ - is not univocally determined 
by Eq.( ^.5[ ). More precisely, an endomorphism € End(C*^) satisfies Eq.( ^.5D if and only if the 
diagram 



i iid 

ff^M B^^ 



where ■= tp o [X"^) , commutes or, equivalently, if and only if 

(X'?' -X'')(C*0 C X''(ker'0) . 



(5.6) 



Next theorem provides an explicit expression for such a homomorphisms. Consider the following 
determinants of the d-dimensional submatrices of X"^ 



\X^\n-^^ :=det 



^1, • • • ,id,ji,- ■ ■ ,jd G Im, d G Im- 
Theorem 5.3. 



N + I < i < M, where 



idjd 



M 



(5.7) 



M 



y \x^\' - 

^ — ' ki...k 



1 , . . . , A; AT = 1 



NJ f^\V\ 



(5. 



are M — N independent linear relations among holomorphic quadratic differentials. Furthermore, 
for all p € C 



M 



W[V]{P) = E iX^r " W[r,r,k,,...,VVkM ■ 



ii,...,iN = l 



(5.9) 



Proof. By iK^ and 



M 



N 



j=i k=i 



for all X + 1 < i < M, and by (15. l| ) 



M r N r . 1 



r/r/j = . 
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By dlD 



M 



KV 



K\V\ 



h, ■ ■ ■ ,iN £ Im, and we get ( |5.7D with 



M |- N 

Y{~y xi\x^r +xi\x^\' 

1 ^ N ^ 



AT 



i^ivvkj, - ■ ■ ,mk. 



KV 



which is equivalent to ( |5.8| ) by the identity 



N 



Yi-Yx'^, ix"!"-'-^ +xi ix'^r - ^ = ix^i 



1=1 



jk^...k^ 



Eq.Q follows by (p|). 



□ 



The homomorphisms (X'' -X'') G End(C*^), satisfying (|5^), are the elements of a M(M-iV) 
dimensional vector space, spanned by 



M 



k=N+l 



i,j S Im, with Ajk an arbitrary M x (M — A'^) matrix. An obvious generalization of (5^) yields 



N 



(5.10) 



i G Im, implying that B^ - = k[vi, . . . , Vj-i,r]r]i,Vj+i, . . . , vn]/k[v], are the matrix elements of the 
homomorphism = ijj o (X^)~^. Such coefficients can be expanded as 



M 



B^i. 



fci,...,fcjv-l=l 



i.^.j.^.AT K[r]r]i,r]r]k^,. . ■ ,VVkN-i] 



fci...fcjV-l 



K\V\ 



(5.11) 



Define C^f\ 3 < i < j < g, k, I e Ig, by 

The following result is a direct consequence of the Petri-like approach. The bound r < 6 
for the rank of quadrics is not sharp, however: M. Green proved that the ideal of quadrics of a 
canonical curve is generated by elements of rank 4 Q . 



Theorem 5.4. All the relations among holomorphic quadratic differentials have rank r < 6. 
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Proof. The statement is trivial for g < 6, so let us assume g > 7. Each relation can be written as 

where S < i < j < g and C^-^zj^' := C^^. Set r]i = ai, r]2 = ct2, ?73 = en, m = <7j, % = 
Sfc/i,2,i,j '^ik^'^ki V& = Z]fc/i,2,i,j ^Ik^^k- Then the relations can be written as 

jZcifnkm = ^, 

k<l 

for suitable C?/*"' , and the theorem follows. □ 



5.2. Consistency conditions on the quadrics coefficients 

In the construction in section ^ the points pi and p2 play a special role with respect to 
ps, . . . ,Pg. Relations among holomorphic quadratic differentials can be obtained by replacing pi 
and p2 with pa and pb, a,b £ Ig, a < b, {a,b) ^ (1,2). In the following of this section, we will 
consider the relationships between the coefficients C"^ obtained in section ^ and the analogous 
coefficients obtained upon replacing (1,2) by (a, 6). 

Proposition 5.5. There exist g distinct points pi, . . . ,Pg G C such that 

K{pi, . . . ,Pi, . . . ,Pj,. . . ,Pg) ^ , 

for aU i,j e Ig, i^ j. 

Proof. Consider the function in 



F{pi,...,pg) :=Y[K{pi, . . . ,pi, . . . ,pj, . . . ,pg) , 

and set Z := {(pi, . . . ,pg) G | F{pi, ...,Pg) = 0}. Note that Z = U<j{(Pi, • • • ^Pg) ^ \ 
K(pi, . . . ,pi, . . . ,pj, . . . ,pg) =0}, so that it is a finite union of varieties of codimension 1 in 
and, in particular, Z ^ . Suppose that \ (lJi<j Ilij) ^ where 11^^ := {(pi, . . . ,Pg) S \ 
Pi = Pj}, ^ < i < j < g- Since \ (IJi<j ^ij) is dense in (7-^, it would follow that Z = C^, which 
is absurd. Hence, there exist pairwise distinct pi, . . . ,pg £ C such that F{pi, . . . ,pg) ^ 0. □ 



By Proposition 5.5 and Proposition |4.5| , one can choose the points pi, . . . ,pg in such a way 

that 

is a basis of H^{K^). Furthermore, one can obtain M — N independent linear relations 

Y iab)Zakai = 0, (5.12) 

l<fc<Z<g 
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where i,j & Ig\ {a, b}, i ^ j. The coefficients are defined by setting (a6) := 1, 

r (ab) . ^ (af>)l 

if k ^ I and akdi G {vl°'^^}i^ij^ , and {abYj^^ := for ah the other {k,l) ^ Ig x Ig- In this notation, 



the coefficients C^j defined in (|5^), with N < i < M , j e Im, correspond to (12)^*.|'. . Eqs. (|5.12|) 
and ( |5.13D can be derived by a trivial generaUzation of the same construction considered in section 
2 in the particular case a = 1, 6 = 2. 

Proposition 5.6. The coefficients (abYj^i satisfy the following consistency conditions 



mn 
kl 



m<.n m<.n m<.n 

- - - (514) 

for all i,j, a,b ^ Ig pairwise distinct, and for all k,l (£ Ig. 

Proof. Choose i,j,a,b E Ig, with a < b < i < j , and consider the relations X]fc<«(^i)fc«''^fc'^^ ~ ^ 
and Yjk<Mbyii^k(yi = 0, that is 

k^a,b,i,j k^a,b,i,j 

= CTiCTj + {aby^^aaCTb + {aby^-aadi + {aby^.aa<Jj + (a6)^^.crfecri 

Replace the differentials aidk and (JjCTk, k ^ a, b, in Eq.( |5.15| ) by 

o-iO-fc = - ^ (a5)^„crm(7n , k^i,j,a,b , 



(5.16) 



771 < n 

(m,7i)7£(i,fc) 



and the analogous expression for ajak- Then multiply Eq.( |5.1(^ ) by and consider the differ- 

ence between ( |5.15[ ) and ( |5.16D . We obtain 

ml- E(^^')™n(a6)r)^a^.+ E ((^^x^- E(^j')-n(«^)™)^''^^ 

m<.n k^a.b m<.n 

- , ^ ' - (5.17) 

+ E ((^jXfc- E(^j')™("^)™)^^^^ • 

k=^a,b m<n 

Since the holomorphic quadratic differentials appearing in Eq.( ^.17| ) are linearly independent, it 
follows that each coefficient vanishes, yielding the first identity in ( p.l4| ), in the cases in which at 
least one between k and I is equal to a or b. On the other hand, in the case k,l ^ a,b, the only 
non-vanishing term in the sum X]m<n(^.?)mn(o^)fc]" {'''j)'ki{'^b)^\ = and the ffist identity 

in ( 5.14|) follows. The other identities can be proved by applying the analogous procedure to the 



relation Y.k^i{ij)u(Tk<7i = and one of the relations J2k<ii'^''')ki^k(^i = 0' Y.k<iibi)M(^k(^i = 0, 
and so on. □ 
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5.3. A correspondence between quadrics and 9 -identities 

Theorem 5.7. Fix pi, . . . ,pg satisfying the equivalent conditions i), ii), Hi) of Theorem 4.1^ . 
Then, the associated holomorphic quadratic differentials Vi, i € Im, satisfy 

M 



i G In, where 



^ _ 6'A,i,(aiJ6'A,2,(azJ + 6'A,i,(a^J6'A,z,(aiJ 

(l + 5x,,z,)Ez,^^A,Ka,J0A,,.(a.Ju;Kp.Ju;^(p.J ' ^ 



i,j G Im, with as in Definition correspond to the coefficients defined in {5A) for rji = tUi, 
i (z Ig. Furthermore, the M — N independent linear relations 

M 

Y,Cr,u^^j=0, (5.20) 

N + 1 <i < M, hold, where 

C^. = IX^^I^ "' ^[^^fcn • • • i^^fcAf] (5 21) 



correspond to the coefEcients defined in ( [5.^) . 

Proof. Eq.(4.13) implies that Eq.( |5.19| ) is equivalent to ( |5.4D , and the theorem follows by Theorem 
5l. □ 



Remark 5.8. Choose pi, . . . ,pg as in Corollary |4.7| , with n = 1 and set q := gi. Then, there 
exists a non-trivial relation 

0(71*2 + ba2ti + ccricr2 = , 
where a,b,c & C. Without loss of generality, we can assume that ti(pi) = and t2{p2) = 0. Set 

{(Jl) = P2 + P3 + ■ ■ ■ + Pg + q + ^ri , 

i=l 

and 

s-2 



(0"2) = Pi + P3 + • • • + Pg + g + X] 



i=l 



for some r^, G C, i € /c,-2- Then, (ti) > pi + Yfi=i ^'^^ (^2) > P2 + Yfi=i ^i-> s° ^^^^ 

(7(y)£;(y,z)£;(y,pi)ni^(y,?^i) Y 

0A{p2 + b + q + y-pi-z) \-n T?t \ 

a{y)E{y,z)E{y,pi)[[^E{y,r,) f-J^ 

9 

= ^ 6'A,i(P2 + b + g - pi)t^i(^;) , 

i=l 
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where, in the second hne, we used "i^i) = I{2A—p2 — b — q) in Jo(C). An analogous calculation 
yields 



^2 ~ ^ 6A,i{pi + b + q- P2)uJi{z) . 



i=l 

(By the symbol ~, we denote the equality up to a factor independent of z; such a factor is not 
meaningful, since it can be compensated by a redefinition of the constants a, b.) 

Theorem 5.9. Let C be a canonical curve of genus g > 4 and {wijig/^ the canonically normalized 
basis of H^{Kc), and let the points ps, ■ ■ ■ ,Pg G C satisfy one of the equivalent conditions i), ii) 



and Hi) in Theorem 4.18 . Then, the following [g — 2)[g — 3)/2 independent relations 
^ e{s) det io{xs^ , . . . , J det io{xsg Xs^.^i ) det uj{xs, , Xs^^, , Xs^g,P3, . . . ,Pi, . . . ,Pg) 



seV2a 



.9-1 



(5.22) 



detuj{Xs2,Xsg+^,Xs2,,P3, ■ ■ ■ ,Pj,- ■ ■ ,Pg) '^^^^i 



Si. 1 



,P9) =0 



fc=3 



^ < i < j < g, hold for aU Xk £ C, 1 < k < 2g. 



Proof. Fix 3 < i < j < g, and choose pi,P2 in such a way that {ai}i^i^ is a basis of 
H^{Kc)- Observe that, due to Eq. (|5.2|) , det/ cr(T(xi, . . . , a;2g) = 0, for all xi,...,X2g G C, where 
/ := Im,2 U {m{i,j)}. Applying Lemma [2?7| , with n = 2, such an identity corresponds to Eq.( 5.22 ) 
with the canonical basis {wijig/^ of H^{Kc) replaced by {aijig/^. Eq.( 5.22| ) is then obtained by 
simply changing the base. □ 



The relations of Theorem 5.9 can be directly expressed in terms of theta functions. 
Theorem 5.10. Fix p^, . . . ,pg G C in such a way that the equivalent conditions iv), v), vi), and 



vii) of Theorem 4.18 are satisfied. The following {g — 2){g ~ 3)/2 independent relations 

Viii2{P3,---,P9,Xl,...,X2g) : = 



E n 

seV2g I k = l 



SjXk +Xg + k +X2g + bijE{Xk,X2g)E{Xk+g,X2g 
E{Xk,Pi^,)E{Xk+g,Pi^)E{x2g,Pi^) 



5-1 



Y\ {E{xk,Xk+g) W E{ )E{Xk + g,Pj)) 

j=3 



k=l 



(5.23) 



g 9 2g-l 2g-l 

S{Y. ^k) W E{xk,Xj)S[ Xk) Yi, 

Xki X j J 



k=g 



k,3 = 9 



9-1 



Y[ S{xk + Xk+g + b) n ^(^■ig^Pjf f = ^ ' 

fc=3 j=3 ) 
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3 < ii < i2 < g, where Xi := a^^. , i G l2g, bi := b — pi, 3 < i < g, hold for all Xi ^ C , i ^ l2g- 

Proof. By ( |3.13| ) Vij(p3, . . . xi, . . . , X2g) is equivalent to ( |5.22D . □ 

Remark 5.11. Note that Vu ^ Q for i = 3, . . . ,5, since for i = j the LHS of ( |5.22| ) is proportional 
to a determinant of 2g linearly independent holomorphic quadratic differentials on C, evaluated at 
general points Xi G C , i ^ l2g- 

By a limiting procedure we derive the original Petri's relations, now written in terms of the 
canonical basis {oJi\i^i^ of H^[Kc) and with the coefficients expressed in terms of theta functions. 

Corollary 5.12. Fixpi, . . . ,pg G C in such a way that p3, . . . ,pg satisfy the equivalent conditions 
iv), v), vi), and vii) of Theorem 4.18. The following (g — 2){g — 3) /2 linearly independent relations 

M 



N + 1 <i < M, where 



K\V\ 







(5.24) 



W%^^E{p,,pky-^\{U E{p,^,p,)\{U E{p,^,p,] 



hold for all z ^ C. Furthermore, Cf^ are independent of pi,p2, Xi, . . . ,X2g-i € C and correspond 
to the coefficients defined in ( ^.^) (with rji = uji, i G Ig) or, equivalently in ( 5.21 ). 



Proof. Consider the identity 



det/ aa{xi, . . . ,X2g-i,z) 
dett;(p3, . . . ,Pg,xi, . . . ,X2g-i) 



(5.25) 



/ := Im,2 U {i}, N + 1 < i < M. Upon applying Lemma 2/7, with n = 2, and Eq.( p.l3| ) to the 
numerator and Eq.( 3.14 ) to the denominator of ( 5.25| ), Eq.( 5.24 ) follows by a trivial computation. 
On the other hand, for arbitrary points z,yi, . . . , Vg-i € C, 



S{yi + ... + yg-i +z) 



Yfi=i SaAvi + ■■■ + yg-i)^i{z) 



Upon replacing each term of the form S{dg-i + z) in Vi-z^ {ps, ■ ■ ■ ,Pg, xi, . . . , Xg^i, z) by its expres- 
sion above, for any effective divisor dg-i of degree 5 — 1, the dependence on z only enters through 
u!iUJj{z) and the relations ( p. 24 ) can be written in the form of Eq.(5.7). 

To prove that dfj are the coefficients in (|5.8| ), with rji = uJi, i ^ Ig, first consider the identity 

^[wWfc,, . . . ,UJUJkN] _ (i^ke{ki,...,kN} ^^i{p-i-, ■ ■ ■ ,Pg,Xl,. ■ ■ ,X2g-l) 



K\V\ 



dett;(p3, . . . ,Pg,xi,. . .,X2g-i) 



then recall that 



M 
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i G Im, so that one obtains 



M 

fcl,...,fcjv,J = l 



Ni K 



. . . k j 



K\V\ 



-UJUJj (z) 



det/ aa{xi,. . . ,X2g-i,z) 



det v{p3 



as an algebraic identity (in the sense that it holds as an identity in Syni^ {H^{K)) after replacing 
o"i(Tj — (fJi (Sicrj)s and uJiLLij {coi (>^ujj)s, i,j S Ig). Hence, the coefficients of ujujj{z) on the LHS, 
given by (|5.8| ) or, equivalently, by (|5.2lD and the ones on the RHS, given by ( 5.24D , are the same. 

Eq.( |5.8D explicitly shows that the coefficients C!fj are independent of xi, . . . ,X2g-i- By ( 5.24 ) 
it follows that they may depend on pi and p2 only through the term K[cr]^^"'^/K[i;]. The dependence 
of K[a] and k[v] on pi and p2 is due to the dependence of the basis {crijig/^^ and {vi}i^ij^ on the 
choice of pi, . . . ,pg £ C . On the other hand. Eg. ( 4. 40 ) implies that k[cj]^"'"^/k[u] is independent of 



Pi,P2 and the proof of the corollary is complete. 



□ 



5.4- K = as a quadric from a double point on Qg 

Choose ps, . . . ,pg £ C pairwise distinct and such that K(p3, . . . ,pg) ^ 0. Let C2 B c := u + v, 
u,v £ C, be an effective divisor of degree 2, such that u is distinct from ps, . . . ,pg and Yli=3 Pi + c is 
special. Then there exists x £ C such that {x, u,ps, . . . ,pg) £ \A (or, otherwise, K{p3, . . . ,pg) 
would vanish); let {o"i}ig/^ be the basis of H^{Kc) associated to x, M,p3, . . . by Proposition [4. 1| . 

Let A{c) Clg\ {1, 2} be the set 

A{c) := {i £lg\ {1,2} \a,{v)^0} , 
and A{c) := {3, . . . ,g} \ A{c) its complement. 

Lemma 5.13. The set A{c) is independent of x, provided that {x, u,p3, . . . ,pg) £ C^\^. Further- 
more, for each subset A' C. Ig\ {1, 2}, the divisor XligA' Pi ^ ^ special if and only if A{c) C A' , 
and A{c) is the unique set satisfying such a property. 

Proof. An effective divisor D, with degD < g, is special if and only if h^{Kc ® 0{—D)) > 
g — degD. Consider the divisor d := 'YliieA{c)'P'i- + c of degree degd = a + 2, where a is the 
cardinality of A[c). Since H^{Kc ® 0{—d)) is generated by ui and by the elements of {<Ti}igA(c)) 

h^{Kc (S) 0{-d)) = g - 1 - a > g - 2 - a = g - degd , 

and d is special. It follows that if A{c) A' C {3, . . . , g}, then XlieA' Pi + c > d is special. 

Conversely, set d := XlieA' Pi ^^'^ suppose that d + c is special. Note that, since d + n is not 
special, 

h'^iKc (S) 0{-d -u))=g-degd-l< h°{Kc 0{~d - c)) , 

and by H^{Kc 0{-d - c)) C H^{Kc ® 0{-d - n)), it follows that H^{Kc 0{~d - c)) = 
H^{Kc®0{—d — u))] in other words, each element of H^{Kc®0{—d — u)) also vanishes at v. Now, 
H^{Kc<^0{—d—u)) is generated by ui and by the elements of {cTijjg^/, where A' := {3, . . . , g}\A' . 
Then, ai{v) = for ah i £ A', so that A' C A{c) and then A{c) C A' . 

Uniqueness follows by noting that if A satisfies the same property, then A C A{c) (because 
Yl,ieA{c)Pi + c is special) and A{c) C A (because AC A implies that J^ieAPi + c is special). 
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Finally, by defining A{c) as the unique set satisfying such a property, it follows that A{c) is 
independent of x. □ 

Lemma 5.14. Suppose that A{c) ^ and fix i £ A{c) and j ^ i, 3 < j < g. Let A; + 1, with 
k >0, be the order of the zero of ai in pj. Then, the holomorphic 1-differential 

a,bElg l^i 

has a zero of order n > k in z = pj , and n > k if and only if j € A{c). 
Proof. Define the points xi, . . . ,Xg-2-k by 

9 9-2-fc 

{(Ti) = Ypi + u + v + kpj + ^ Xl , 
1=3 1=1 

SO that IiJ2i=3Pi + u + V + kpj + YfiZi~'^ ~ 2 A) = b + ra, for some a,b G Z^. Consider the 
identities 

9 

^ ei,A{u + v+Ypm- w)u}i{z) 

l&Ig m=Z 

-27vi*ai{A-w-kpi-y xm)^^(Em^m + kpj + w + z - y)E{z,p^f E{z,w) Hz E{z,Xi)a{z) 

E{y, z)E{y, w)E{y,p^ f 11/ E{y, xi)a{y) 

^ -2ni*al(z-y) ^^{V + ^ + V + Y.mPni - ^" ~ z)E{z,Pjf E{z, w) H; E{z,Xl)a{z) 

E{y,z)Eiy,w)E{y,pj)kYl^E{y,xi)aiy) 

where fja := e'""^", which hold for arbitrary w,y E C. Dividing by E{pi,w) and taking the limit 
w ^ Pi one obtains 

= Eiy,z)E(y,p.)E(y,P,m^E(y,i^My) g + « + " + E/" " • 

Since the right hand side does not depend on y, the factor E(z,pj)'^ cannot be compensated by 
any factor in the denominator and the 1-differential has a zero of order at least k in z = pj. 
Furthermore, such a zero if of order strictly greater than k if and only if 

^ei{y + u + v+ Y Pm- ^)i^l{Pi) = , 
leig meA' 

for all y E C, with A' := {3,...,^} \ {i,j}- In particular, for y = x, this implies that the 
holomorphic 1-differential 

"^Oiix + U + V + Y Pm- A)a;i(z) , 
leig meA' 
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vanishes at pi. Therefore, such a differential vanishes at x,u,v and pi, for all I ^ j , 3 < I < g; 
hence, it is proportional to aj, which is the generator of H^[Kc (8> 0{—u — x — '^i^jPi)), and it 
must be aj{v) = 0, so that j G A{c). Conversely, if j £ A{c), then A{c) C A' and, by Lemma 
5.13 , y + u + V + XlieA'^*' ^ special divisor for all y £ C. Then, for each y £ C, there exist 
qi,... , qg-2 G C such that I{y + u + v + Y^ieA' Pi) = ^iPi + YjI Qi)^ so that 

Ol{y + U + V+ ^ Pra- A)uJl{pi) = ^ 6'i(pi + '^qm- A)uJi{pi) = , 
l€lg "m^ijj l£lg rn 

for all y £ C, and the lemma follows. □ 
Set 

42(C) := Oabic +EPI- A)LOa{Pi)MPk) , (5.26) 

a,belg 

i, j, k £ Ig \ {1, 2}. Note that, if « G ^(c), then A^-2(c) = for j = /c and for j, k ^ i, and 

Ag^(c) = Af)(p,), 

Theorem 5.15. Choose ps, . . . , pg £ C , C2 B c := u + v and x £ C as above. Suppose A{c) ^ 
and Ex i £ A{c). If u is a single zero for K[ ■ ,p3, . . . ,]5i, . . . then the holomorphic quadratic 
differentials crak, k £ l]^ (see Definition |2.^ for notation), satisfy a unique linear relation 



J2 Cf\c)aa, = 



where 



j>N 



k £ Ij}, with A^\c) := Aiyz,(c), j £ Im, defined in Eq.^). 

Proof. By Theorem [4.19| and Corollary [4.7| , since ti is a single zero of K{ ■ ,p3, . . . ,pi, . . . ,Pg), 
then (TUfc, k £ ij}, span a (N — l)-dimensional vector space in H^(Kq), and then satisfy a relation 

Cf\c)aa, = 0. 

Such a relation determines, up to normalization, an element 

kerV' 3 </> := ^ C^^^^V ■ cjfc , 



where ip '■ Sym H^{Kc) H^{Kq)] by Theorem p. 3| , ker is spanned by {Ylik=i CfkCr-ak}N<i<Mi 
so that 

M 

fce/i; j=N+i i€iM 
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for some complex coefficients L^j\c), N < j < M. Note that, for all j,k, with N < j,k < M, 
CJ^ = 5jk- Then, by applying {p-p)j (see Eq.(|]8|)), j = + 1, . . . , M, to both sides of ( |5T27D , and 
by using Eq.( |4.g| ), we obtain 

' \ , for j ^I]} , 

Observe that if j £ Ij} and j > N, then j G I2 (see Def. that is, at least one between ij and 
2j is equal to i; furthermore, the condition j > N implies ij 7^ ij and ij, ij 7^ 1, 2. Therefore, it 
remains to prove that L^j\c) = Cj^^^ = Ai^^.{c) for all j G I2, j > N, with respect to a suitable 
normalization of (p. 

The vector (p can be expressed as 

(/) = ^ C'^^*''(c)o- • cTfc = di • ?7 + CTi • /9 + ccji • cJi , (5.28) 

for some r],p £ H^{Kc), c G C, so that the relation ip^cj)) = corresponds to 

o'lV + CTiP + caiai = . (5.29) 

Note that, by the redefinition r] ^ rj + aai, c ^ c — a, for a suitable a G C, we can assume 
v{Pi) = 0- Applying Pi ■ Pj, S < j < g, j 7^ i, to both sides of ( ^.28| ), it follows that 

Lijic) =Pi-Pj[(l)] = P{P.j) , 
where Li%^{c) = Li%^{c) := l\!\c), N <k<M. Define d G Cg-2 in such a way that 

(fji) = b + c + d , 

and observe that, by (|]2|), p G H"{Kc(S)0{-d)) (since u is a single zero for K{-,p3, . . . ,pi, . . . ,Pg), 
it follows that the gcd of (o"i) and (ai) is c + Xlfe^i^'fe)- Furthermore, p cannot be a multiple of 

ui, since, in this case, the only possibility for Eq.( ^.29| ) to hold would he (j) = 0. Finally, L^^j (c) 
is invariant under the redefinition p ^ p + aai, since cri{pj) = for all j = 3, . . . ,g. Then, we 
can fix an arbitrary y £ C \ supp((Ti) and assume that p is an element of the 1-dimensional space 
H^{Kc (8) 0{—d — y)). By using the relation I{h + c — y — A) = — /(d + y — A), such an element 
can be expressed as follows 

A E{y,pi) 
where the normalizing constant A can be arbitrarily fixed, and a is a function such that 

ri) _ aiy)Ek^iJkib + c-y~A)^k{Pj) 

3 <: j < g, j i, is independent of y. In other words, we assume that, under the change 

y-'V, e C'\supp(cri) 

P , 
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p{pi) is equal to p{pi)] this property, together with the fact that p G H^{K^ ^ 0{—d)), which is 
generated by cJi and p, imphes that 

/5 = /0 + /(y,y)cTi , (5.32) 

for some function /. Though Eq.( [5.30| ) only holds for y G C \ supp(fJi), the RHS of Eq.( |5.3l|) is a 
constant and can be continued to all y £ C and, in particular, in the limit y ^ Pi- 

It is now sufficient to prove that a{pi) := lim^^p. a{y) is finite and non- vanishing (by Eq. (|5.31| ) 
such a limit necessarily exists); in fact, in this case, after fixing the normalization A = a{pi), we 
obtain 



^(,) ^ ^.^ Efc,/, 9k{b + c-y-A)u;,{p,) ^ ^ 



Then, to conclude, it remains to prove that lim^^p. a{y) ^ 0, oo. Since and are finite, 

limj^^p. a{y) = would imply that L'fj = for all j and then that Eq.( ^.28| ) is trivial, which is 
absurd. 

In order to prove that lim,y^p. a{y) ^ oo, let us choose j 7^ i, S < j < g, in such a way that, at 
the point pj, ai has a zero of order k + 1 and x['^\z) has a zero of order k, for some k > 0. Suppose, 
by absurd, that such a j does not exist. Then, by Lemma 5. 14] , ai{v) = 0, for all / G \ {2}. 
On the other hand, such differentials also vanish at n, so that h^{Kc ® 0{—u — v)) = g — 1. 
By the Riemann-Roch Theorem, this would imply that h^{0{u + v)) = 1 and then C would be 
hyperelliptic, counter the hypotheses. 

As discussed above, the hypotheses of the theorem imply that the greater common divisor of 
(o"i) and (cJi) is c + ^rn^iPm'-, in particular, if /c > 0, then pj is a single zero for Ui. Hence, by 
Eq.( F29|) , p{z) has a zero of order at least k in pj. By expanding p{z) in the limit z Pj, we 
obtain 

/9(z)~/3C'dC + o(C') , 

with respect to some coordinates ({z) centered in pj. Here, /3 does not depend on y, since, by 
Eq.(|]3|), p{z) depends on y only through a term proportional to (Ji{z), which is of order (" 



By using Eq.( 5.30 ), in the limit z pj we have 

Eae7„ + ^ + Em=3 Pm - V - A)(J„ (z) A/S 

i 

E{pi,y) a{y) 



k\ 



In the limit y ^ Pi, the LHS gives X^^^^z), which, by Lemma 5.14, has a zero of order exactly k in 
z=pj. Therefore, 

lim —r^ + , 

y^Vi a[yj 

that concludes the proof. □ 
A classical result known by Riemann is the relation 

Oab{e)uJaUJb = , 

a,b€lg 

which holds for an arbitrary e G ©<;. The connection of such a relation to the ones considered in 
this paper is given by the following lemma. 
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Lemma 5.16. Choose pi, . . . ,pg satisfying conditions i), ii) or Hi) of Theorem 4.18. Then, for all 
e G 0s, the relation 

Oab{e)iOaLOb = , 



is equivalent to 



where 



M 

J2 Me) Yl ^5-^^.=0' 

i=N+i jeiM 

Me) ■■= Y Qab{e)uJa{Pu)^b{Pzi) , 
a,b&I„ 



i G / 



M- 



Proof. Two relations are equivalent if they correspond to the same vector in ker -0, up to normal- 
ization. Since keiip is spanned by {Xlfcli C^j^cr ■ (Jk}N<i<M, then 

M 

9ab{e)u]a - ^b= y^ Ai{e) C^ja ■ aj , 
a,beig i=N+i jeiM 

for some complex coefficients Ai{e), i € Im- By applying p ■ pi, i = N + 1, . . . , M, to both sides of 
this equation, and using C[j = 5ij, for N < i,j < M, we conclude. □ 

Theorem 5.17. Choose ps, . . . ,pg e C , C2 3 c := u + v and x ^ C as above. Suppose A{c) ^ 
and fix i £ A{c). If u is a single zero for K{ ■ ,p3, . . . . . . ,Pg), then the linear relation 

Cf\c)aa, = 0, 

is equivalent to 

Y ^ab(c + y^Pi - A)wa6jfe = . 



Proof. By construction, I{c + ^j^iPj — A) G 0^. Then, use Theorem 5.15 and Lemma 5.16 , and 
note that 

^,(/(c + 5]p,~A)) = A«(c), 

k = N + l,...,M. □ 

Theorem 5.18. If C is a trigonal curve, then there exist 2g — 4 pairwise distinct points 
P3,--- ,Pg,U3, ...,Ug G C such that K{p3, . . . ,pg) / and K{uj,p3, . . . ,pi, . . . ,pg) = if and 
only if j i, for all i,j G Jg \ {1,2}. Furthermore, if, for each i G Ig\ {1,2}, the points uj, 
j G Ig \ {1, 2, i}, are single zeros for K{-,p3, . . . ,pi, . . . ,Pg), then the following statements hold: 

a. For each 3 < j < g, there exists a unique Vj G C such that 
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for all i j, 3 < i < j, where Cj := Uj + Vj , 3 < j < g; 
b. The relations 



3 < i < j < g, considered in Lemma 5.15, are linearly independent and then generate the 
ideal I2 of quadrics in Pg_i containing the curve C. 

Proof. Since C is trigonal, there exists a unique (up to a fractional linear transformation) mero- 
morphic function / with three poles. Hence, for each p £ C, f~^{f{p)) consists of three (possibly 
coincident) points; note that, trivially, the sum of such three points (counting multiplicity) cor- 
responds to the unique effective divisor of degree three which is special and containing p in its 
support. 

Fix X4, . . . , G C, and consider the function 

Fxi,...,x,{p) ■■= Yi K{x,X4,...,Xg), p£C. 

^e/-M/(p))) 

Denote by [K]x^^...^xg ^ C and [F]x^^...^xg the sets of zeros oi K{-, X4, . . . , Xg) and Fx^^...^Xg, respec- 
tively. Then, one of the following alternatives holds: if K{-, X4, . . . , Xg) is not identically vanishing, 
then both [-fC]a;4,...,a; and 

[FU,...,x,= U r'(/(^))' 

xelK], 



iX A 1 ■ ■ - 1 ^ O 



are finite sets; otherwise, both [K]x^ x and [F]x^ x coincide with C 

•^n-\-3 1 • • • 



For each n, 1 < n < 5 — 2, let Nx^\^^,,,^Xg ^ C" denote the set of n-tuples (^3, . . . ,Pn+2) such 



that 

n 

Fx„ + 3,...,Xg (PS^ ■ ■ ■ jPn + 2) •= Fp3,...,Pi,...,Pn + 2,^rz + 3,---,^g (-Pi) ' 

i=l 

is not zero. Note that F^^) = F and N^'^'> =C\[F]. 

Now, assume that, for some m, 1 < m < g — 2, the set A^(") is dense in for all n < m. The 
set [F(-+i)],,„^,,...,,^ of zeros of 

m 

^Xrr, + 4,l..,Xg {PS^ ■ ■ ■ lPm + 2^P) = -Pp3,...,p^ + 2,a;m + 4via:g W , . . . ,Pi , . . . ,Pm + 2 ,P,Xm + 4 , ■ ■ ■ ,X g (Pi) ) 

i=l 

as a function of p, is given by 

m 

= U( U I'^i 

Xg) U \F^p3,...,p^j^2,Xm+i,---,Xg ■ 

i=i xef-HfiPi)) 
If (p3, . . . ,pm+2) G N^"^\ then the functions 

K{-,Ps, . . . ,p^^2,Xm+4, ■ ■ ■ ,Xg) , 

and 

? P3-> • • • ^Pit • • • ; Pm-\-2 5 ; • • • ; ) •> 
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for each i = 1,. . . ,m, and x S f~^{fiPi)), vanish identically on C (for example, 2:^+3 is not a 
zero). Hence, [-F^'"'"'""'^-']a;„+4,...,xg C C is a finite set and, therefore, NxZt4l--,Xg is dense in C"^~^'^. We 
proved that if K{-,X4, . . . , Xg) does not identically vanish for some X4, . . . , G C, then N^^^^^^_^^^^ 
is dense in for all n, 1 < n < (7 — 2. It follows that N^~'^ , which does not depend on X4, . . . , Xg, 
is dense in C^~^. Also note that the subset of C^~^ for which 

(jf-\f{P^)) , 

i=3 

consists of pairwise distinct points is dense Cg-2- Hence, its intersection with N^^~'^^ is not 
empty. Let us choose (^3, . . . ,pg) in such an intersection and fix € f~^if{Pi)), Ui Pi, for all 
i G Ig \ {1, 2}. Then, the points ps, . . . ,pg,U3, . . . ,Ug are pairwise distinct and satisfy the condition 

K{Ui,Ps,.. ■ ,Pji- ■ ■ ,Pg) =0 <^ j , 

for all i,j G /g \ {1, 2}. Furthermore, if Ui, i G Ig \ {1, 2}, is a single zero of K{-,ps, . . . ,pj, . . . ,Pg), 
for all j G Jg \ {1, 2, i}, then there exists a unique point Vij such that Vij + + X]fc/j ^'fc special. 
Such a point satisfies necessarily f~^{f{pi)) = {pi,Ui,Vij}, so that it is independent of j, and the 
statement a. follows. 

Finally, note that A{cj) = pj and A{cj) = {pi \ S < i < g,i j}. Hence, by Theorem 5.15 , 
for each k, N < k < M the coefficients Ci^^''\c2_f^), I G Im, are given by 

where aI^''\c^i^) ^ 0. Linear independence of the C"^(*)(cj)'s, 3 < i < j < g, follows by linear 
independence of the C^'s. □ 

5.5. The case of genus 4 

Consider the case of a non-hyperelliptic curve C of genus 4. The identity ( [4.40| ) reduces to 

K{P3,P4) ■= -C4,2 



n[cr]^E{p3,p4ya{p3)a{p^) ' 



where 04^2 = 1008, and can be used to express Eq.( |5.7] ) in terms of the function K. For g = 4 
Eq.(^.7[) reduces to a unique relation 
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i=l 

It can be derived from the identity 



detije/g Vi{xj) 



, 



by expanding the determinant at the numerator with respect to the column corresponding to 
xiQ = z. One obtains 

detie/io\{i} aaj{xk) 
Y {-y^^ -—aa,{z) = , 
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where the ratios of determinants do not depend on xi, . . . , rcg and correspond to 

Uii ^ K[aai,...,crai,...,acrw] 



detj, fcg/g Uj(xfc) k[v] 

Now, note that for 1^ = 2^, K[aai, . . . , acTi, . . . , aaio] = 0. This can be checked by observing that 
all the elements in {cro'j}j^i-^g\^iy vanish at pi, so that it cannot be a basis of H^{Kq). Hence, 
we can restrict the summation over all the i E /lo with ^ 2^. By a re-labeling of the points 
Pi, . . . ,P4, the relation between hi[v\ and K at genus four is 

K{p^^,p^J = (-) + C4,2 



■«;[o-]5^(Pi^,P2.)%(PiJ(t(p^.) ' 

for all i, 5 < i < 10. Hence, 

^ K{p^^ , p^jEjp^^ , PzJ^cr{p^JcT{p^^ ) ^ k{p^^,p^J 
K{p3,p4)E{p3,p4^)^a{p3)a{p4) Hps^Pi) 



5 < i < 10, with k defined in Eq.(4.41), whereas Cf = for i < 4. Since aai = X]j=i ^ji'^'^i > it 
follows that 

10 

J=5 

i G Jio, and we obtain 

' ^■^^^ ^(P3,P4) Em,n^A,m(afc)6'A,n(az)a;m(Pfc)Wn(P«) ' 

« G /lo- Note that := k{p3,p4)Cf is symmetric under any permutation of pi, . . . ,p4. On the 
other hand, Corollary 5.12| shows that Cf , and therefore also (7^^, are independent of pi,p2- We 
conclude that Cf , whose explicit form is 

C-^ = 6lA,i.(afc)6'A,2,(az) 



S{aY\\^icr{xi) ^j^, OA{Pk+Pi + Y.lxi)a{pk)(T{pi)ll.^^i{E{pk,pi)E{pi,pi)) 



sr^ S{Y.t=i^s,)S{Y,l^^x,.) S{x,^ +xs,+^ +Pk +Pi) 



s(.V, E{Xs^,Pk)E{Xs^,Pl) fj^ 11,^^1 E{Xs,,Xs^ 

does not depend on pi, . . . ,p4, for all i G Jio- 

Note that, at genus 4, the equivalent relations 

Cru;u;, = 0, 

and 

Ctuu:^ = , 
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must be proportional to Eq. (|l.l| ), with e one of the two points in Qg] hr other words, C!f and 
must be proportional to Xi~^^ii2.i{^)- t^i^ following proposition, such a proportionality is 
precisely derived. 

Proposition 5.19. Let C he non-hyperelliptic of genus 4 and fix {pi, . . . ,^4) G \ B. The 
coefficients , i G Im, correspond to 

T.a,b&Ig^ab{e)u]a{p?,)t^b{Pi) 

for all i G Im, 3,nd 

k{p,q) = K{p,q)E{p,qfa{p)a{q)=A ^ eab{e)^^a{p)^^b{q) , (5.36) 

a,b^Ig 

for all p,q (z C, where e S and A is a complex constant (depending on the moduli). Furthermore, 

Y.a,b&Ig^ab{e)uJa{P:i)^b{Pi) ' ^^'^'^^ 

for all i G Im- 

Proof. Lemma 5.16| gives 

6'a6(e)a;a • Wfe = 2 ^ 9ab{e)u:a{p3)^b{P4) ^ C^a■ai , 

a,b€lg a,b€lg i&Ihi 

and, by applying Xi^{p ' p)i-, i ^ ^m, to both sides, one obtains Eq.( |5.35| ) (note that Xi 7^ 1 if 
and only if = Pz^, and in this case both sides of ( |5.35| ) vanish). By comparing Eq.( ^.35 ) and 
Eq.(|]3|), we obtain Eq.(|3|). Finally, by using Eq. (|531) and Eq.(^), we have 

(e) OA,ui^k)^^c{Pk) OA,zA^l)^d{Pl) 



c.deiq 



Y.a,b^Ig 0ab{e)uJa{p3)uJb{PA) Em 6'A,m(afc)^m(Pfc) ^ En ^A,n(ai)w„(pi 



and, by Corollary iA, we obtain Eq.( ^.37| ). □ 

5.6. Relations among holomorphic cubic differentials 

According to Petri's Theorem, in the most general case the ideal of a canonical curve C is 
generated by its ideals of quadrics together with the ideal of cubics. As discussed in the introduction 
of this section, such cubics correspond to linear relations among holomorphic 3-differentials on C; 
a generalization of the previous construction is necessary in order to explicitly determine such 
relations. 



Fix pi, . . . ,pg € C satisfying the conditions i), ii) and iii) of Proposition 4.8 with respect to 
some fixed i, 3 < i < g, and let {v'ilje/jva-i U {(pi+^gs} be the corresponding basis of II^{Kq). 
The kernel of the canonical epimorphism from Sym^ H^{Kc) onto H'^{K^) has dimension [g — 
3)(g^ + 6(7 — 10) /6, and each element corresponds to a linear combination of the following relations 

0'jCrkCri= ^ Bjkl^m^m + Bjkl,i+5g-80'20'i , (5.38) 
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3<j,k,l< g, j 7^ k, and 



"^2*^1= B2jj,m^m + B2jj,i+5g-80'20'i , (5.39) 

3 < j < 5, J 7^ ^, where Bjf^i^^, B2jj^rn £ C, are suitable coefficients. On the other hand, a trivial 
computation shows that the relations (|5.38|) are generated by ( ^.39| ) and by the relations among 
holomorphic quadratic differentials, 

M 

Y,C^jaaj = 0, (5.40) 

j=i 

k = N + 1, . . . , M. Therefore, relations among holomorphic 3-differentials, modulo relations among 
holomorphic quadratic differentials, provide at most g — S independent conditions on products of 
elements of H^{Kc)- 



The relations (5.39) can be restated in terms of an arbitrary basis {T?j}jg7q of H (Kc)- Let 
y be the automorphism of C^^^ , determined by 

yk'j--=X^\M-'[v]-'[v]-')jk, (5.41) 

j, k G Ims ) so that 



Ms 



k=l 

j G • Consider the following determinants of d-dimensional submatrices of 




Ms 



iiT ■ ■ ^idiJii ■ ■ ■ ijd ^ Ims , d G ■ 
Proposition 5.20. 

Ns<k<N3 + g-3, k^i where 

Ms 

■■= E \Y^\'-''''-'''' n^[vvVk,,...,vvVk.J , (5.43) 

j G I Ms , Sire g — 3 independent linear relations among holomorphic 3-difFerentials. 

Proof. Without loss of generality, we can assume i = N^; such an assumption can always be 
satisfied after a re-ordering of the points p^, . . . ,pg. Fix A^s + 1 arbitrary points xi , . . . , X7V3 , a^A^a +i = 
z £ C and consider the singular matrix [ipi{xm)]i<^i with / := 1^^ U {k}, with < k < 
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-^3 + 5 ~ 3. By expressing the determinant with respect to the column {(pi{z))i^j, the identity 
det<fi{xm) = 0, I e I, m e Ins+i, yields 



Ma 



N3 



VVVm = . 



m=l '-1 = 1 

The proposition follows by combinatorial identities analogous to the proof of Theorem |5.3| . □ 



Whereas for 5 = 4 the relations ( |5.42 ) are independent of the relation among holomorphic 
quadratic differentials, for (7 > 5, ( 5.42|) are generated by ( 5.40| ) in all but some particular curves. 
Set ^i.2i,i,2, := i^ij and 6*^.2^,1^2^ •= C'^j, N + 1 < i < M, j G Im- Consider the 3-differentials 



aiajak with 3 < i < j < k < g {g > 5). By Eq.( |5.40[ ) and by C^j = tpij - 5ij, N + 1 < i < M 
j e Im, 



2 g 



m=l n=3 



SO that 



g g 



E ''^(^^'^ik,rnn'4^nj,pq)(^m.(^p(^q+'4^ik,12'yi(72<yk+ E i^ik,7njO'm(^'^ 

m,p=l q=3 ^ — ^ m=l 

2 5 5 2 

= E '^,(^,'^3k,mn'4^ni,pq)crm(yp(yq + '4'jk,120'lO'20'k + E '4'jk,miO'mO'i ■ 
ni,p=l q=S " — 3 m=l 

The above equation yields 

239 g 

^ik,2j'^2'^j = ^ ^ ^ jk,mrfini,vq ~ ^ ^ ik ,mrfi nj ,vq) ^ q 



m,p=l q=3 "=3 
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If Cj^^ 2j 7^ fo'^ some k, the above identity shows that the relation ( ^.39| ) is generated by Eqs.( 5.40 ). 
On the other hand, it can be proved that if Cff. 2j = for all 3 < /c < (7, /c 7^ the relation 
( 5.39 ) is independent of the relations among holomorphic quadratic differentials. This case occurs 
if and only if the curve C is trigonal or a smooth quintic. 



Proposition 5.21. Fix g points pi, ■ ■ ■ ,Pg G C satisfying the conditions of theorem |4^. The 
coefficients 1^^, defined in Eg. ( 5. 41 ) with t] = oj, are given by 



i,j e hi. 

Proof. The proposition follows immediately by the definition ( ^.41| ) and by Eq.( [4.13 ) 



(5.44) 



□ 
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6. The canonical basis of H^{Kc) and k[uj\ in terms of theta functions 

We saw that the bases for holomorphic differentials we introduced satisfy several properties. 
Here we first show that the use of such bases leads to a straightforward derivation of the Fay's 
trisecant identity. We then consider a basic problem in the study of Riemann surfaces. This arises, 
for example, in investigating the Schottky problem or in constructing modular forms, where basic 
quantities, in spite of being constants, e.g. the Mumford form, have an expression that needs the 
use of points on C. We introduce a new general strategy which is based on the idea of identifying 
the divisors with the ones defining spin structures. In doing this one has to consider several 
intermediate problems, such as expressing the determinants of the canonical holomorphic abelian 
differentials in terms of theta functions only. Furthermore, another problem concerning (ietuji{pj) 
is to consider the g'-points pi, . . . ,pg as defining spin structures which are associate to divisors of 
degree g — l. Such a question is strictly related to the problem of expressing det iOi{pj) without the 
use of the (5r/2-differential a and of the constant n[uj]. We will see that there exists an elegant and 
natural solution leading to the explicit expression of basic quantities in terms of divisors defining 
spin structures. We also express the abelian holomorphic differentials in terms of theta functions 
only. This also implies the expression for products of the basic constants corresponding 
to the main building block of the Mumford form, in terms of theta functions with spin structures 
whose arguments involve the difference of points belonging to the divisors of such spin structures. 

6.1. Determinants and Fay's identity 

In this section, we will use the bases introduced in section ^ to derive a combinatorial proof 
of the Fay's trisecant identity. 

Theorem 6.1. The following are equivalent 



a) Proposition 3A holds; 



h) The Fay's trisecant identity pq / 
m > 2, holds for all xi, . . . , Xm,yi, . . . ,ym ^ C , w G Jo{C). 

Proof, (a ^ h) Fix xi, . . . , Xm,yi, ■ ■ ■ ,ym ^ C and w E Jo{C), with 6{'w) ^ 0. Choose yi, . . . , 
distinct, otherwise the identity is trivial. Set Pi '■= yi, i Im, and fix n G N_|-, with d := Nn—m > g, 
and Pm+i, ■ ■ ■ iPn^ £ C, in such a way that 

/(Ep. -(2n-l)A) = w; . 
1 

By Jacobi Inversion Theorem, such a choice is always possible. Note that the set of divisors 
Pm+i + ■ • • +Piv„) such that pi = pj for some i ^ j £ In„, is the set of points of a subvariety in 
the space of positive divisors of degree d. Then the image of such a variety under the Jacobi map, 
which is analytic, corresponds to a proper subvariety W of Jq{C). Hence, the conditions 9{w) ^ 
and 

m 

w - /(E y^ + (2n - 1)A) G MC) \ w , 
1 
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are satisfied for w a dense subset in Jo(C). It is therefore sufficient to prove Eq.( |6.lD on such a 
subset and the theorem follows by continuity arguments. 

Let us then choose the points Pm+i, • • • ,Pn„ to be pairwise distinct and distinct from yi, ■ ■ ■ ,ym 

^5) 



and fix a basis {(/)"}ig7j^ of H^{K^). Since pi, . . . ,PNr, ^re pairwise distinct and 



1 

it follows by Eq.( |3.14| ) that det 4>f{pj) ^ 0. Therefore, by Proposition ^1] , one can define the basis 
{7"}ig/^^ of H^{K^) with the property ^^{pj) = Sij, i,j € In„- On the other hand, note that 

det-f"-{xi,. . . ,Xm,Pm+i, ■ ■ ■ ,PnJ = det ^^{xj) , 



can be expressed either by means of Eq.(4.16) 



n'"^. „^2n-l ff E{xi,pj) llZ=i E{x,,yj) e{w + Xj - yj) 
^^^-y^i ii E{y.,p,) nr..i E{y,,y,) ^ 9{w)E{x.,y,) 



i=l 



j=m-\-l 



or by means of (3.14) and ( [4.17 ) 



n 

i=l 



cy[Xi,yi 



v2n-l 



n 



E{xi,pj) 0{w + Y^Ti^i - Vi)) WT<j Eix^,Xj) 



j=m-\-l 

Eq.(|6.1[) then follows by observing that 



E{yi,Pj] 



0{w)l\Z=i E{yi,yj) 

i<j 



n E{y,,y,) = {-) 



m{m-l)/2 



n E{y,,y,r 



(6.2) 



,i=i 



(6 =^ a) Fixpi, . . . ,pn„ G C, n > 2, in such a way that the hypothesis of Proposition iA is satisfied. 
Let {7f }ig/jv„ be the corresponding basis of H^{K'!^) satisfying (p^. det7"(2;j) can be evaluated, 
for arbitrary zi, . . . ,zj^^ € C, by expressing 7"(-Zj) by means of (|4.16D . In particular, by using 



(6.1) with m = Nn, Xi = Zi, yi = pi, i G Im„ , and w = I^^i" Pi — (2n — 1)A), after a computation 
analogous to the previous one, ( p^ ) follows, with k[7"] given by Eq.(p^). Therefore, (|3l^ ) 
holds for an arbitrary basis {</'r}ie/jv„ °f ^^{E^c)^ with = «:[7"'] det (p^lpj). The same result 

holds for ( 3.13| ) by using (|6.1| ) with = I{Yl,iPi ~ U ~ C 

{tJijig/^ anc? K^[u;].' from divisors on to spin structures 

Integrating ( |4.1C1| ) along the a-cycles of C leads to expressions of the minors of iOi{pj) in 
terms of theta functions. In particular, denoting by u^kiPi, ■ ■ ■ ,Pi, ■ ■ ■ ,Pg) the cofactor of uJk{z) in 
deta;(z,pi, . . . ,pi, . . . ,pg), we have 

Proposition 6.2. 



{pi, . . . ,pi, . . . ,pg) = j) detw(z,pi, . . . ,]5i,. . . ,pg) = K[w]6'A,j(ai) J| E{pj,pk)Wa{pj) , 

(6.3) 
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I £ Ig, where denotes integration in z along ai. Furthermore, 

iUl{z) = {-Y"^^ (b •••<* (p (:Og{Z,Pl,... ,Pg-2) , (6.4) 



lelg. 



For g = 2 the divisors of and ti;2 coincide with the ones of 0a,2 and ^a,1) respectively. In 
particular 

u!i{z) = K.[uj]6A,2{z)cr{z) , t^2(-2) = -k[cj]6Ia,i (-z)o-(z) . (6.5) 

This is a particular case of more general relations considered in the following theorem. 



Theorem 6.3. Fix (pi, . . . ,pg) G and set as in Definition 4.2. Then 

det6'A,i(aj) ^ , 
if and only if (pi, . . . ,pg) ^ A. In this case 

, . ^ -,^ _ V" ^-1 (aj + z - y,)eA (a - z) E{pj , yj) 
^^^"^tt^^' 0Aia-y,) Eip„z)Eiy„z)' ^'"'^ 

i ^ Ig, for all yi, z G C , i & Ig, where ^ij := ^A,j(ai). Furthermore, if ai, i £ Ig, are elements of Q 
such that 

det Oiiaj) ^ , 

and Ui := {i^l, v'l), i G Ig, are odd theta characteristics satisfying 



then 



r\- ^iP^l) s:^ ^-id{aj + z - q)e{aj +p- z) 

LOiAZ) 



E{p,z)E{q,z)f^^ *J e{aj+p-q) 



E{p,q) _i9[uj]{z - q)9[iyj]{p- z) 



(6.7) 



Eip,z)Eiq,z)fri'^^^ eWj]{p-q) 



i £ Ig, for all p,q,z £ C, where Xij := 9j{ai) and := 9j[vi\{d). The three conditions, and in 
particular det ^i[^j](0) 7^ 0, can aiwajs he satisfied for any C. 

Proof. Fix i £ Ig and consider the limit y — > of ( |3.12| ) 

,j{s.i)^j{pi) — S{a)a{pi)Y\_Eipi,Vj) ■ (6.8) 

Independence of := ^A.j(ai) on pi implies that the above relation also holds whether pi is 
replaced by an arbitrary point q £ C, and therefore replacing also a by a — pi + q. In particular, 
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since Ylj^i E{pi,pj) vanishes at pi = pj, j £ Ig, j ^ i, it follows that Ylik^ik^kiPj) is a diagonal 
matrix, so that 

9 9 

det6jdeta;,(p,) = 5(a)9 JJ (7(p,) JJ E{p,,p^) . (6.9) 

1 «,3 = 1 



Expressing deiijJi{pj) by Eq.( 3.13 ), and using ( |6.2D we obtain 

det6, = {-Y^'-^'^/^^^[u]-^S{aY-'\{E{p,,p,) , (6.10) 

implying that det^^j 7^ if and only if 5(a) 7^ and pi, . . . ,pg are pairwise distinct. Now, ( |6.8|) 
with z = Pi and ( [3.91) give 

^ . ^ _ 6'A(a» + z - y)6'A(a- z) E{pi,y) 
^J^^""^^'^- e^ia-y) E{p,,z)E{y,z) ' 



i £ Ig, that, if det^ij 7^ 0, coincides with (p^. 

Furthermore, by Fay's trisecant identity it immediately follows that if a is a non-singular 
element of 0, then for any four points € C, i E I4,, the "cross ratio" 

6{a + xi — X2)9{a + — X4) 



6{a + xi — X4)6{a + X3 — X2) 
is independent of a. In particular, by ( |3.1| ) 

eiai +p- q)e{ai + x ~ z) e[v]{p - q)e[v]{x - z) 



9{ai + p- z)0{ai + x ~ q) 9[v]{p - z)9[h']{x - q) 

holds for al\p,q,x,z G C and z/, non-singular odd theta characteristics and , i G , a non-singular 
element of 0. In the limit x ^ z, we have 

9[ai +p - z)9{ai + z - q) 9[u\{p - z)9[u\{z - q) 

and the first equation in ( |6.7D follows by noticing that the right hand side of (6.11) coincides with 
E{q,p) / E{z,p)E{q, z). The second equation follows by replacing in the above equations by a 
non-singular theta characteristic Vi. Each theta function gets a phase factor that however cancels 
in the cross ratio. Alternatively, the second equation in (|6.7|) can be obtained by comparing the 



expression for E{q,p)/ E{z,p)E{q, z), given by the right hand side of ( 6.11 ), with the analogous 
expression with ly replaced by i^i. Incidentally, this shows that independence of the prime form 
on the specific non-singular odd spin structure is a property related to the Fay trisecant identity. 
It is clear that the conditions det^^j 7^ and detAij 7^ can be always satisfied. Existence of 
odd theta characteristics such that det Hij 7^ 0, follows by Lefschetz Theorem for abelian varieties 
which implies that the rank of the rectangular matrix 9i[i'j]{0), i G Ig, with {^j}jei 23-1^25 i) 
full set of odd characteristics, is always of rank g |3£|. □ 

An immediate consequence of the previous theorem is that the determinant of the holomor- 
phic 1-differentials can be expressed without the use of any constant, such as and of the 
cr-differential. 
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Corollary 6.4. Let Vi, i € Ig, be odd theta characteristics satisfying det6i[vj]{0) ^ 0, then 
holds for all p, q,pi € C , i € Ig. 

Proof. Immediate by (|6.7|). □ 



A basic implication of the above relations is that also k[uj] can be expressed without the use 
of det uji{zj). 



Corollary 6.5. 

^[,,,1 _ r_V'?(9-l)/2/' 

^'^{y)I{kEiy^Pk)' det6'A,j(aj 



Proof. Immediate by ( |6.10 ). □ 



Remark 6.6. Such a relation was previously known only for g = 1 a consequence of the 
triviality of det uji{zj) on the torus. 

Let 1^1, . . . ,Ug he g odd spin structures and denote by pi, j & -^s-i) ^be corresponding points 
on C, that is 

i/' + rz/ = /(i;pi-A) , (6.14) 



I 



G Ig. Set /li = h^^, and recall that (hi) = J2'i=iPi- Define the symbol 



5-1 .9 



{piU ■■= /^[a;]3(i-3)e"*(^-^)Si M-r+2-(5-i) '-^^ TT TT deta;,(pi), , , , (6.15) 



1=1 k=l 



n E /g-i, = pj, I G In, j S which is a holomorphic (ji-differential in each one of the p^'s. 

By (El) 



.9-1 9-1 



detoj.ipi) = (-)^-'e— ''^^-'^^-2-''^>^'kM/i2(p9J E{pl,pi) J] ^bl-) • (6-16) 

i<j = l i=l 



It follows that the expression of ( |6.15 ) for, say n = 1, is equivalent to 



{pUi = lihl{Pl)hM)---hl{p\)fl n E{pi,piy-'lla{piy-' 

i=l k=l i<j = l i=l 



fin'.,,,,-, 'n '"ffr'u^r 



(6.17) 
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Such an expression contains only points belonging to the divisors defining non-singular odd spin 
structures. A more symmetric expression is obtained by multiplying over n 

9-1 -9 .9-1 9-1 9-1 a\i,,](„j _„i ^9-l 

nw},. = n n-w)"-" n n Zti ■ («■«) 

n=l k=li=l n=li<j = l '^kyPk+nr^'' 

According to Remark p.5| Eqs.( 3?l3| ) and ( 3.1^ ) define new constants k^, [(/»""], once the g/2- 
diff'erential a in ( 3.13 ) and ( 3.14| ) is replaced by a^,- Explicitly, there are constants Ki/fc/)"] depending 
only on the marking of C and on {(/i^j^g/j^^ such that 

r , In _ det 4>\{pj)a^{y) \[{E{y,pi) 



and 



for n > 2, for all y,pi, . . . ,pN^ G C As we noticed, a property of o"^ is that, unlike a, it is 
directly defined on C. This allows us to express k,^[uj] in terms of theta functions only. Most 
importantly, products of k,^^. [uj] have expressions where only points belonging to divisors defining 
odd spin structures appear. 

Theorem 6.7. The relation 

^g—if 2-1X1 t, ,11 



nf 7=1 ^[i^] (Pi - Vj) deUj Oj [i^] {pg - Pi) 



(6.21) 

holds for all the non-singular odd spin structures 

i^"+Tu' = i{j:p,-A) , 

i=l 

andpg,yi, i £ Ig-i, arbitrary points of C. In particular, if 

i=l 

k € In, n > 2, are non-singular odd spin structures, then 

n 

II'^-^N, (6.22) 

fc=i 

where yl = pl^^-^, pi = pl^^' k e In, i £ Ig-i, and p'^^j = p\, j = 1,2, depends only on the 
divisors associated to {i'k}keir,- 

Proof. First note that 
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so that Corollary ^3] still holds whether k[uj\ and a are replaced by At^[cA;], defined in ( |6.19| ), and 
0"^, defined in ( [3.10|) , respectively. Next, identify a with the divisor Ylil=iPi^ with the first g — 1 
points, defining, as in (|6l4l) , the non-singular odd spin structure u. It then follows that 

I{a -pg - A) = I{ai + Pi - pg - A) = v" + tv' , 

so that, recalling the expression of the prime form (t3.8D, 



6'a(q - y) 



-ni v' Tiy' — 2771 {pg—y-\-u") 



h{p)h{y) 



(6.23) 



and 



det0A,i(ai) = e-"^^'"'""'-'"**"'(^^''-StiP^+5'^")det%[i/](pg - Pi) . 
On the other hand, by ( p. 6] ) 

I{Pa - a + (5 - 1)P9) = - rv' + I{{g - \)pg - A) = -v" - rv' + /C^^ 



so that, if a = "^f^iPi and v" + tv' = I{J2j=iPj ~ then det 9/\j{ai) admits the following nice 



expression 



det6'A,j(a^) = g-^^^^^-^) '-'--^'-s-Cs-i) '-'-"-2- V^c-. det 9 ^ [iy]{p g - p,) . (6.24) 



Replacing ( 6.23 ) and ( 5.24 ) in ( 6.13 ), with k[uj] and a replaced by k,,j[uj] and a^, respectively, and 
then observing that 

i<j 7=1 i<j 



and that (-)5(9-i) = yields 



[ll>\ = e 



nf=>M(p. -y)^-^det,,^,M(p, -p. 



(6.25) 



Next, independence of Kj^Ilo] on the points, implies the identity 

27riV/C'' + (g-l)^'_ f u>,{w)\oge[u]{w-y) V'"' V/C«' +^"_ f c^, («;) log 9^ )) 



that, together with ( |6.25D , reproduces ( |6.21[) . 



(6.26) 



Remark 6.8. Theorem p.7| also provides an immediate derivation of the only previously known 
solution, namely the one of the elliptic case. On the other hand, g = 1 corresponds to the only 
case where k[u] can be defined independently of a, and so it does not need the definition on the 
universal covering of C. In the elliptic case we in fact have k[u!] = K,y[u!]. By ( p. 5]) 



1 + r 
2 ' 
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and using 9i 



y^l] (0) = -2^r/3(r), Eq.(g) yields 



1/2 
1/2 



(0) 



— 21±(l-JL\ 

D 2 V 2 / 

27r 773(7-) 



(6.27) 



that coincides with the derivation in |34| (see pg.21 there and note that ^[a;] corresponds to ^). 
We also note that ( |6.22| ) admits alternative versions depending on the choice of the identification 
among the points p\ and y], . 

An analysis similar to the one for n,j\u\ can be done also for ^^[0"^], n > 2. However, in 



this case the degree Nn of the effective divisor appearing in (6.20) is a multiple of 5 — 1, so that 
Pi ~ ~ 1)^) can be directly identified with the summation of 2n — 1 non-singular odd 
spin structures. It is convenient to change the notation and to denote the set of points {pijig/^^ 
as {Pi}ie/2„-ije/£,-i, so that 

u'^-^tu', = I{J:pI-A) , (6.28) 

i=l 

k £ l2n-ii n>2. The previous investigation naturally leads to introduce the following constants. 

Definition 6.9. Fix n >2 such that a set {u} = {i'k}kei2„-i of non-singular odd spin structures, 
as in ( |6.28| ), is defined and set 



det cI^Upj) exp[(2n - l)!:'"^' E.C! Ef=i LM"^) " pD] 



r2n-l v-^5-1 

(6.29) 

where the points pi, i G In„, in the determinant are given by Pi^j(g-i) = p^j, i G Ig-i, j G hn-i- 



7. Siegel metric induced on Aig and Bergman reproducing kernel 

In this section we derive the explicit expression of the metric ds"^^ on the moduli space Aig 
of genus g canonical curves induced by the Siegel metric. This was previously known only for 
the trivial cases g = 2 and g = 3. By Wirtinger Theorem the explicit expression for the volume 
form on A4g is also obtained. A remarkable property of ds'^^ is that it is given by the Kodaira- 

Spencer map of the square of the Bergman reproducing kernel (times 47r^). This is one of the basic 
properties of the Bergman reproducing kernel derived in this section. Such an approach will led 
to a notable relation satisfied by the determinant of powers of the Bergman reproducing kernel. 
The results are a natural consequence of the present approach, which also uses, as for the present 
derivation of ds^^ , the isomorphisms introduced in section ^ 

The Torelli space Tg of smooth algebraic curves of genus g can be embedded in Sjg by the 
period mapping, which assigns to a curve C, with a fixed basis of Hi{C,'Z), representing a point 
in Tg, the corresponding period matrix. The period mapping has maximal rank 3g( — 3 on the 
subspace Tg of non-hyperelliptic curves and therefore a metric on S^g induces the pull-back metric 



on Tg. It is therefore natural to consider the Siegel metric on Sjg [40 



ds^ :=Tr (Y-^dZY-'^dZ) , (7.1) 
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where Y := ImZ, Z G S^g. Such a metric is Sp(25(,M) invariant, and since A4g = Tg/Tg, it also 
induces a metric on A4„. The Siegel volume form is 



^M Af<,(dZ., AdZ.,) 
^^^=2^ "(dety).+i ■ ^'-'^ 

The explicit expression of the volume forms on A4g induced by the Siegel metric, which 
coincides with ( [7. 2]) for g = 2 and 5 = 3 non-hyperelliptic curves, is given in Theorem [7.7| . It is 
simply written in terms of the Riemann period matrix Tij and of the basis {dTij} of T*'Tg. 

The Laplacian associated to the Siegel's symplectic metric were derived, ten years after Siegel's 
paper @, by H. Maass gl| 

A = 4Tr(y7yA)^). 
V V dzJdzJ 

As we will byproduct of the present approach, and of the formalism developed in section 

^ in particular, both ( [7. 21) and (|7.3| ) are straightforwardly derived. 

7.1. Derivation of the volume form and the Laplace- Beltrami operator on S^g 



(7.3) 



Proposition 7.1. The Siegel metric (7J) can be equivalently expressed in the form 

M 

ds^ = afjdZdZ, , (7.4) 



where 



hJ G hi- 

Proof. For n = 2 the identity (p. 3]) reads 



where we used the identity 



a M 

i,j = l k=l 



Hence 



9 

d''= E Y^j'dZ,,Y,-i'dZu 

i^j,k,l = l 

g M y - 1 y- 1 _^ Y ~ ^ Y~ ^ 

^^ji 1^ a^i™2,„ 

i,J = l m=l Im^m 

= V (2-5i ^ )dZ^ ^ 2„2^ 1„2„ 

m,n=l lm2m 
A/ 



m,n=l 



(7.6) 
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□ 

Let 



. M 

I 



be the (1, l)-form associated to the Siegel metric on S)g, so that the volume form on S^g is 

1 / i\M ^ 



— r^'' > 
M! V2 



Proposition 7.2. 



2M-g 



"^""^^^^^ (dety)9+i 



Proof. Since Y is symmetric and positive-definite, we have PY ^ = diag (Ai, . . . , Xg) = D, 
for some non-singular g x g matrix P and some positive Ai, . . . , Ag. By ( |7.5| ) and ( p. 61) 

det^. =2^det,,((y-iy-i),,x-'x-') 

=2^det,,((PP),,x-') deU,{iP-'p-%x-') deU,{iY-'Y-%x-\-') , 

and by (U) 

detffg. = 2^deti,((DZ)),,xr'x7') = 2*^ det,, (AAi(M),,xr'x7') • 
The proposition then follows observing that {55)ij = Xj^ij that (2.7) yields 



' - 9-1-1 



det4=2^n^w=2^-^ 



i=l k=l 



□ 



Proposition 7.3. The Laplace-Beltrami operator acting on functions on Sjg is 



Proof. Just use the definition of A and note that g^'^^ = {YY)ij/2. □ 

7.2. Basis of the fiber ofT*Tg and Siegel metric on A4g 

The following theorem provides a modular invariant basis of the fiber of T*'Tg at the point 
representing C. 
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Theorem 7.4. If p^, ■ ■ ■ ,Pg G C are g — 2 pairwise distinct points such that K{p^, . . . ,pg) ^ 0, 
then 

M 



(7. 



i £ In, with Xf-, i,j G Im, defined in Eq.(^J£ ), is a naodular invariant basis of the fiber ofT*Tg 
at the point representing C. 

Proof. Consider the Kodaira-Spencer map k identifying the space of quadratic differentials on 
C with the fiber of the cotangent bundle of A4g at the point representing C. Next, consider a 



Beltrami differential // G T{Kc(!^K^ ) (see |42] for explicit constructions) and recall that it defines 



a tangent vector at C oiTg. The derivative of the period map Tij : 7^ — > C at C in the direction 
of /i is given by Ranch's formula 



dcTijifJ') = / nuJiUj 
Jc 



It follows that 



j, k e Ig, so that, by (15.181) , 



M 



j £ In, where 
i € Im- It follows that the differentials 



k=l 



(7.9) 



:= 27rz k{vj) , 



(7.10) 



j £ In, are linearly independent. Furthermore, since by construction the basis {vi}i^i^ is inde- 
pendent of the choice of a symplectic basis of i/i(C, Z), such differentials are modular invariant, 
i.e. 

Ei Ei = Ei , (7.11) 

□ 



(7.12) 



i £ In, under (|3.2|). 

Let ds^.- be the metric on Ada induced by the Siegel metric. Set 



Corollary 7.5. 



where 



dsf,~. 



N 



M 



3ij ■~ 9kiBikB^i , 



(7.13) 



(7.14) 
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and B'^ is the matrix defined in ( |5.11 ) with Tji = uji, i G Ig. Furthernaore, the volume form on M.g 
induced by the Siegel metric is 



where 



du. 



Mc. 



M 



N 



- ) det dw A dw , 

2 y 



dw := 



IX'^l' - dn^ A--- Adn, 



(7.15) 
(7.16) 



ijv>...>ii = l 



Proof. By 1^ and (|7j 



(7.17) 



kJ=l 



Furthermore, by applying the Kodaira-Spencer map to both sides of Eq.( |5.10| ), one obtains 



N 



3 ' 



(7.18) 



G Jm, and ( |7.13|) follows. On the other hand, by (|7.13| ) 



dv. 



N 



det 5- Af(SiAS,) , 



(7.19) 

□ 



and by Theorem 7.4 the proof is completed. 
Applying the Kodaira-Spencer map to ( 5.20| ) yields the linear relations satisfied by drj, i E Im- 
Corollary 7.6. The {g — 2){g — 3)/2 hnear relations 

M 

Y,Ct,dT,=Q, (7.20) 



A'' + 1 < i < M , where the matrices C"^ are defined in ( ^.21 ), hold. 
Set T2 ■= Imr and consider the Bergman reproducing kernel 

9 

B{z,w) := ^ uJi{z){T2^)ijiUj{w) , 



for all z,w e C, and Set /C((/)-0) := k{(t))k{'ip), /c('0) = /i;(V'), for ah (t>,ij e if°(Ar^), where k is the 
Kodaira-Spencer map. 



Theorem 7.7. 



ds^j^^ = 4vr2/C(i?2) 



Furthermore, the volume form on Aig induced by the Siegel metric is 



N 



M 

E 



-1 _l|il.-.lJV 



r2 ^2 



AT 



'J1---JN 



ijv>...>ii=i nfc=i(i + '^i«fc2,j(i + ^ij^zj^j 1=1 

jjV>'-'>jl = l 



(7.21) 



(7.22) 
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Proof. Eq.( |7.2l] ) is an immediate consequence of Proposition 7.1 and of the application of the 
Kodaira-Spencer map to the identity 



M 



^ ujuJi{z)g'[jUjujj{w) = B'^{z,w) . 



(7.23) 



Consider the (1, l)-form lo defined in Eq.( |7.7| ). By Wirtinger's Theorem [43[, the volume form on 
a d-dimensional complex submanifold S is 



dl 



ijj 



so that the volume of S is expressed as the integral over of a globally defined differential form 
on 9}g. Note that 



M N 



N 



n »jv = i k=l 1=1 

Jl,.-.,jjV = l 



N 



N 



^1'r(k).)s(k) 

k=l 1=1 



and Eq.( [7.22| ) follows by the identity 



N 



*r(fcs)Js( 



3N 



k=l 



□ 



Fix the points zi, . . . , zat E C satisfying the conditions of Proposition 4J. The basis {7i}ig/^ 
of H^{Kl;), with = jf, i £ defined by Eq.(p^ in the case n = 2, satisfies the relations 



N 



N 



i G Im- Set Ti := (27ri) ^k{'yi) and [v]ij := Vi{zj), i,j G In- 

Corollary 7.8. Fix the points zi, . . . ,zn G C in such a way that det 4>i{zj) ^ 0, for any arbitrary 
basis {4>i}ieiN '^^ ^ci^^)- -^^^ metric on Aig induced by the Siegel metric is 



N 



ds^ ,~. 



E B\z,,z,)Tif 



(7.24) 



and the volume form is 

N 



du, 



det B-'{z,,z,) Af(ri AT,) 



i\N det B^{zi,z. 



2 J |detUi(zj^l2 



i J — 

fTT dw /\dw 



(7.25) 
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where {vijig/^ is the basis of H^{Kq) defined in Proposition and dw is defined in Eq.( 7.16 ). 
Proof. Eq.( [7.24| ), and therefore the first equahty in Eq.( [7.25| ), follows substituting 

AT 

j=i 

i G Im, in (|7.17|) and then using the identity ( 7.23 ). Next, note that comparing ( 7.24|) and ( 7.13 ), 
and by = Y.f=iMij'^j^ ^ ^ ^n, yields 



N 

E 

k,l=l 



v]kigti[v]ij =B {zi,zj) , 



which also follows by the definition ( [7.14| ) of and by Eq.( 5.10 ), with rji = u>i, i £ Ig, and 
Eq.(@). Hence 



det g 

which also follows by det7i(zj) = 1 and 



s _ det B^{zi,Zj) 
I det Vi{zj)\'^ 



(7.26) 



Hi A • • • A En = det Vi{zj)Ti A • • • A Fat , 
and the second equality in Eq.([7.25|) follows. 



□ 



7.3. Determinants of powers of the Bergman reproducing kernel 

Corollary 7^, in particular Eq.( [7.25|) , implies that the ratio det B'^{zi, Zj)/\ det Vi{zj)\'^ does 
not depend on Zi, i € 1^, and therefore det B'^{zi, Zj) factorizes into a product of a holomorphic 
times an antiholomorphic function zi, . . . , zn- This is a special case of a more general theorem. 

Theorem 7.9. Fix n G N+ and set 



Ba{z,w) := ^ uJi{z)AijLLij{w) , 

where A is a complex g x g matrix. Then, for all Zi,Wi ^ C , i (z In„, 

det 52 (zi , ) = I K [(/."] I det 0'' (zi , . . . , zn,, ) det ( , . . . , wn^K^, {A) 
where {0i^}ie/Ar„ arbitrary basis of H'^{K^) and 



Kn{A) 



nfe=i xikXjk 



K[UJ---UJj^,...,UJ---UJj^^^ 



(7.27) 



(7.28) 
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Furthermore, for n > 2 



det B'Xizi, Zj) = eA{Ezi)YlE{z^,Zj)lla{z,f^-' K^{A) . (7.29) 



Proof. Observe that 

9 

Bl{z,,Wj)= u;kAzi)---uJk„izi)Ak,i^---Ak„i„iDi,{wj)---LDi„{wj) 

ki,...,kn — l 
^ 1 , ■ ■ ■ 71 — 1 

k,i=i ^''^^ 
with the notation of section ^. Then 



det B2{zi,Wj) = ^ ^ e(s)]^a;---Wfc,(2:i)'^---t^z,(wsJ- 



!l = l 

and by defining mg, ■= li, i e Im„, 

M„ 1^ ^|fei...fcjv„ N„ 

det B'X{Zi,Wj) = ^ — ^ mi...mjv„ Y\_UJ ■ ■ ■ UJk^{Zi)u! ■ ■ ■ LOm,{Wi) 

fei '=Af„=i [[i=lXkiXmi i=i 

»"i '"Ar„=i 

= J] J]] e(r)e(s) JJa;---a;fc,^(zi)w---w^^^(wi) 

fc;v^>...>fci = i l[i=lXkiXmi r,seVN„ j=l 

»"jv„ >...>mi = l 

M„ I . .|fci...fcjv„ 

E|yi...yi|mi...mjv„ , .X , 
det uj-'-oJiiZi) det cj • • • u;i(^^;o■ 
)cjv„>...>fci=i lii=lAfe,Am, .^j 

mjv„>...>mi=l 

By Eq.(|l|), for an arbitrary basis {07}ie/Ar„ of H^{K^) 

K[uJ---UJk^,...,LO---UJk^ ] 



det cj • ■ ■ = det . . . , zn„)- 



leading to <^^. Eq.(g) then fohows by Eq.(p^). □ 



Remark 7.10. Since by ( [7.25|) det Zj) is positive definite, it follows that the K2{t2^) > 0. 

Even if there are stringent arguments suggesting that Kn{T2^) > also for n > 2, a complete 
proof is still lacking. 

Corollary 7.11. Let {4>i'}ieiN„ arbitrary basis of H^{K^) and fix the points wi, . . . , wn^^ G 

C in such a way that det 4>''^{wj) ^ 0. 

a^{z)=B\{z,Wi) , (7.30) 



G In„, is a basis of H^{K^) whenever K^iA) ^ 0. 



Proof. Immediate by Theorem 7.9. □ 



77 



8. Geometry of G^, K{ps, . . . ,pg) and Mumford isomorphism 



In this section, we first use the construction of section |6.2| to derive an expression for the 
Mumford form which does not involve any determinant of holomorphic 1-differentials. Furthermore, 
we express the volume form di^i^ in terms of the Mumford form, a result previously known for 
g = 2 and g = 3 only. Next, by means of the Mumford isomorphism we investigate the modular 
properties of K{p3, . . . ,pg) in order to construct sections of bundles on Aig. For g = 2 and g = S 
such sections reproduces the building blocks for the Mumford form. In the case of 5 = 4, a modular 
form on the Jacobian locus is obtained, which is proportional to the Hessian of the theta function 



evaluated on Qg- This is a remarkable result in view of ||9|[10|, where it is shown that the vanishing 
of such a Hessian on the Andreotti-Mayer locus A/q = i74 U OnuU, where Onuii C A4 is the locus 
of the ppav's with a vanishing theta-null, characterizes the intersection fl Onuii ■ This indicates 
that the sections on Mg built in terms of K may be considered as generalizations to (7 > 4 of such 
a Hessian, thus providing a tool for the analysis of the geometry of Qg and of the Andreotti-Mayer 
locus Mg-i. We explicit construct such sections for even genus and for the case g = 5. 

8.1. Mumford isomorphism and Siegel volume form 

Let Cg Mg be the universal curve over Mg and L„ = Rtt^{K^ ) the vector bundle 
on Mg of rank (2n — l){g — 1) + Sni with fiber H^{K^(^) at the point of Mg representing C. Let 
A„ := detL„ be the determinant line bundle. According to Mumford |44] 

\ ~ \(X)c„ 
— ■^l ) 

where = 6n^ — 6n + l, which corresponds to (minus) the central charge of the chiral b — c system 



of conformal weight n [42|. The Mumford form fig^^ is the unique, up to a constant, holomorphic 
section of A„ O X~'^^" nowhere vanishing on Mg. 

Theorem 8.1. Let {(/>"}ie/jv„ ^ basis of H^{K^(^), n > 2. For any set {u} = {T^i}iei2n-i of 
non-singular odd spin structures, the Mumford form is, up to a universal constant. 



(wi A • • • A ujgY 



where 



where 



FgA4>-] := , (8.11 



i=l 



k G hn-i, where K{^j[(j)n] is dehned in ( ]6.2^^ j and k^" ^[uj] in ( |6.2J[ ), with yl = p\j^i, pi = Pk+2' 
k £ In, i e Ig-i, and p'^^j = pi,, j = 1, 2. 

Proof. By construction Fg „ may depend only on the marking of C. However, the transformation 



properties of the theta functions derived in section ^, Lemma 3.2 in particular, show that Hg^n is 



independent of the marking of C. □ 
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Remark 8.2. Eq.(|8.1|) expresses, for any n > 2 and g > 2, the Mumford form in terms of points 



defining odd spin structures only. Explicit expressions of the Mumford form were derived in |45-48| 

(8.2) 



and |34]. In particular, Fay in ||3J] provides the following expression 

e{{2n-l)JCP) 



F, 



det0f(p,)nf"c(p. 



VF[(/)"](p)c(p)(2'^-i)' 



where 



c{p) :-- 



1 



detu;i{pj)a{y,p)l\l E{y,pi) k[w]cj(p)s ^ 

for all p,pi, . . . ,pg,y G C. By ( p.l3| ) and ( p.l4| ), such an expression corresponds to 

- - {2n-lf 



F, 



g,n[ 



Note that while det uJi{pj) explicitly appears as a building block in Eqs.( ^.2D and (| 
8.1 provides an expression without such a determinant. 



(8.3) 

(8.4) 
Theorem 



The previous investigations allow now a straightforward derivation of the relation between the 
Mumford form and the volume form on A4g, induced by the Siegel metric. 

Theorem 8.3. 

\4cl^']n<t>l A • • • A = {^Y^^ , (8.5) 



K2K 



where K2 is given in Eq.(7.28). In particular, 



|/^a,2p|'^i A • • • A 



1 26 



2\^ \k[uj] 



118 



-dv 



(8.6) 



Proof. By (ra)(ra) and (7.27) 



2\N 



K[v]\'K^\T^')dl,: 



which reproduces (|8.5D after the base change {uijig/^ 



It has been shown in |4£]|5C] that 



where \I'io is the modular form of weight 10 

^io(t):= n ' 

a.b even 



C2,2 



□ 



(8.7) 



(0)^ 



where the product is over the 10 even characteristics oi g = 2. It has been shown in |35] that 

conjectu 

F3,2[i^u;] 



C2,2 = I/tt^^. Furthermore, it has been conjectured that [49|[50 

C3,2 



.8) 
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with ^'9(r)2 = ^isir) 

^i8(r):= n ^[^1(0)' 

a, 6 even 

where the product is over the 36 even characteristics oi g = 3 and 03^2 = l/2^7r^* 
Proposition 8.4. For g = 2 

16 ^ \ ^^^Pl +P2 -P3)0a{P1 +P3 -P2)0a{P2 + PS - Pi) ,g 

TT^^^ioir)eAiPi+P2+P3)[EiPi,P2)Eipi,P3)E{p2,P3Mpi)a{p2)a{p3)]'' ■ 

For 5 = 3 

^ 5 _ E.gy^ nt=i [^A (ELi Pdf (.) - y) lfi<j E{Pdl is) , Pd^ is))] 

"^""^ ~ 2H57r^^^,{T)94Etp^)Ul^<^ipMyrnllE{y,p.)^UU^(P^^P^y 
Furthermore, for g = 2 

iaetuLJiipi)) = — ^ . (8.11) 

^''^lo{r)9A{Elp^)U^<JE{p.,p,r 



Proof. Eq.( |8.9| ) follows by simply replacing the expression of det ujuji{pj) in ( 4.27] ) in F2_2['-^'-i^] 
then using c{p) = a{py~^ / k[uj]. Similarly, by ( |4.28 ) 



detu;u;(pi, . . . ,^5) (^iP^? E.eP^ <s) nt=i I^A (Eti ^^(s) " v) U!<j E{Pd^^is),Pd) 



(s)l 



^M' l^a{yY\[tiE{y,P^? 

6 _3 6 

and ( |8.1C| ) follows by the identity Y\ c{pi) 2 = k,[uj]^ Y\ f^iPi)^- Eq.( |8.11 ) follows by direct com- 

i=l i=l 

putation. □ 

8.2. Modular properties of K{p3, . . . ,pg) and the geometry of Qs 

For each n € Z>o, let us consider the rank vector bundle L,i on A4g, defined in the 
previous subsection, whose fiber at the point corresponding to a curve C is H^{K^). A general 
section s G LJ^, i > 1, admits the local expression on an open set U C M.g 

s{p)= Yl Si^■■■^■^{p)<l>i^®(|^i2®■■■®(t>^^ ^ p£UcMg, (8.12) 

il,---iimG-fjV„ 

with respect to a set of linearly independent local sections of L„ on U. 

For each non-hyperelliptic C of genus g > 3, k{p3, . . . ,pg) as defined in ( [4.41| ), is a holomorphic 
(g — 3)-differential in each variable, and is symmetric (for g even) or anti-symmetric (for g odd) in 
its 5 — 2 arguments. Hence, 

k-= Yl K...i,_^K®---®(t>i,-2, (8.13) 

il,...,ig_2e-fw 3 
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can be naturally seen as an element of Eg, where 



E. 



j Symf-2i/0(K^"^) , g even 

a-\ H\KI7') , 5 odd, 



for a fixed basis {(t)i}i^ij^ ^ of H^{K^ ). The definition can be extended in a continuous way to 



hyperelliptic curves, by setting ki^,,,ig_.^ = in this case. At genus 5 = 3, ^(pa) is a holomorphic 
function on C and therefore is a constant. Furthermore, Eg. ( 4. 41 ) also makes sense at genus g = 2; 
in this case, k is again a constant. For g > 3, let us define Eg by 

_ J Sym3"^Lg_3 , g even , 

''-~\ A'-'Lg.s, 9 odd. 

In view of Eqs.( ^.l^ ) and ( |8.13 ), it is natural to seek for a section k ^ Kg such that, at the point 
Pc G Mg corresponding to the curve C, it satisfies 



Eg3k{pS,...,Pg)^k{pc) G{Eg)\ 



PC ' 



under the identification (Eg)|pp = Eg. On the other hand, k{p3, . . . ,pg) is not modular invariant, 
and then it does not correspond to a well-defined element of Eg for each pc € Mg. The correct 
statement is given by the following theorem. 

Theorem 8.5. 

k := K[ujY-^k (g) (lji A . . . A wJ^2-3 ^ 

is a holomorphic section of X\^~'^ for g = 2,3 and of Kg (8) X\^~'^ for g > 3, which vanishes only in 
the hyperelliptic locus for g > 3. 

Proof. Let us derive the modular properties of 

K[u;]a-^kips,...,Pg) . 
Eq.( [4.41| ) and the identity k[cj] = k[uj]/ det uJi{pj) yield 

K[ujY-^kips,...,Pg) = (-)5+icg,244(deta;,b,))^+i . 

By Eg. ( ^.4[) , it follows that Ai:[?;]/ai:[u;]^ has a simple modular transformation 

'^t^] ^ '^[^l(det(Cr + I.))--, (i ^l.Sp(2,,Z), 



and, by using the modular transformation det uJi{pj) det uji{pj) det(Cr + D), we obtain 

Kioj^-^k K[ojY-^k{det{CT + Z?))9-i2 . 

Hence, K[uj]^~^k^(uJiA. . . Acjg)^^~^ is modular invariant and determines a section of Sym^~^£'g_3(8) 
X]^~^ on Aig. Since k[uj] ^ for all C, k = at the point corresponding to the C if and only if 
k{ps, . . . ,Pg) = for all ps, ■ ■ ■ ,Pg & C, or, equivalently, if and only if C is hyperelliptic. □ 
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For g = 2 the section k corresponds to 



and for g = 3 

k = k[w]^A;(wi a W2 a cus)^ . 
Note that, for g = 2,3, Eqs .( [4.241 ) and ( [4.25| ) lead to the following relations 

k[v] K[uJio] 

and, together with ( |8.7D and (|8.S|), we obtain the identification 

k = 67r'\[iuf^w , 9 = 2, 

fc = 15 • 2^K[ujfTT^^^g , 5 = 3, 



recovering the results of Proposition 8.4 



Let C be a non-hyperelliptic curve of genus g = 4. In this case, k{p3,p4) is a holomorphic 
1-difFerential in both and p4, symmetric in its arguments. Then, 

(4) det k{pi,pj) _ 

- (detu;.(p,))2 -^"^'^^^ ' 

is a meromorphic function on C in each pi, i G I4. 

Proposition 8.6. The function /c^^^ is a constant on C that depends only on the choice of the 
marking. Furthermore, /c^^^ = if and only if C is hyperelliptic or if C is non-hyperelliptic and 
admits a (necessarily even ) singular spin structure. 

Proof. Let us suppose that, for a suitable choice of pi,...,p4 G C, {k{pi, z)}i^i^ is a basis of 
H^{Kc). Then, the determinant 

det k{pi, Zj) 
det LOi{zj) ' 

does not depend on the points zi, . . . , Z4 € C. Hence, the ratio 

det k{pi, Zj) 
det LOi{zj) det LLii{pj) ' 

is a non- vanishing constant on C. In particular, by taking p^ = z^, it follows that such a constant 
is k^^\ On the contrary, if for all pi, . . . ,p4, € C, the holomorphic 1-differentials k{pi,z), i G I4, 
are linearly dependent, then k^^"^ vanishes identically. 

Such a construction shows that /c^"^) vanishes if and only if k{pi, z), i G I4, are linearly depen- 
dent for all pi, . . . ,p4 G C. If C is hyperelliptic, then k{pi,pj) = for all Pi,Pj G C and /c^^^ = 0. 
Assume that C admits a singular spin structure a and let be the corresponding holomorphic line 
bundle with = Kc- This implies that Qs consists of a unique point of order 2 in the Jacobian 
torus. For eachp G C, the holomorphic 1-differential k{p, z) is the square of an element of H^{La); 
by varying p ^ C, such 1-differentials span the image of the map (p : Sym^ i^'^(Lc) — > H^{Kc)- If 
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a is even, then h^{La) = 2 and Sym^i7^(LQ,) has dimension three, so that 93 cannot be surjective 
and k^'^'i =0. If a is odd, then = 3 so that, for each point p G C, h^{La (g) ©(-p)) > 2; 

if /ii,/i2 span H^[La ® C(— p)), then /11//12 is a non-constant meromorphic function with 2 poles 
and (7 is hyperehiptic. 

Suppose that C is non-hypereUiptic and does not admit a singular spin structure. Then, 0s 
consists of 2 distinct points, e and — e. Let us first observe that if there exist two points p,q € C 
such that I{p—q) = 2e, then they are unique. For, if I{p—q) = 2e = I{p—q), thenp+q—p—q is the 
divisor of a meromorphic function on C. But, since C is non-hyperelliptic, the unique meromorphic 
function with less that 3 poles are the constants and, since p ^ q (because 2e 7^ in Jo(C)), it 
follows that p = p and q = q. 

Also, observe that K{z,z) is not identically vanishing as a function of z; since C is compact, 
K{z, z) has only a finite number of zeros. Fix a point pi € C and define xi,X2,yi,y2 G C by 

I{pi + xi + X2 - A) = e , I{pi + yi + y2 - A) = -e . 

Then the divisor of k{pi, z) with respect to z is 2j)i + xi + X2 + yi + 2/2- Observe that at least one 
between xi and X2 is distinct from yi and 2/2 j since otherwise we would have e = — e. We choose 
Pi in such a way that Pi,xi,X2,yi,y2 are distinct from the zeros of K{z,z) and from the points 
p, q such that /(p — q) = 2e (if they exist). Note that such a condition can always be fulfilled, since 
it is equivalent to require that pi is distinct from the zeros of k{p, •), k{q, •) and k{w, •) for each w 
such that K{w, w) = 0. Then, the points for which such a condition is not satisfied is a finite set. 

Set p2 := xi and ps := yi. The divisor of A;(p3, z) is {k{ps, z)) = 2p^ + Pi + y2 + zi + Z2, where 
zi , Z2 satisfy 

Hps + zi + Z2~ A) = e . 

Since the condition on the choice of implies K{ps,ps) 7^ 0, it follows that zi and Z2 are distinct 
from P3. Set j>4 := zi, so that det k{pi,pj) = k{pi,p4^)'^k{p2,P3)'^ ■ The identities 

I{pi +P2 + X2-P3-P4- Z2) = , I{pi + Z2-P1- y2) = 2e , 

imply thatp4 and Z2 are distinct from pi , p2 7 2^2 (for example, ifp4 = X2, thenpi+p2— P3 — -22 is the 
divisor of a meromorphic function and C is hyperehiptic) and from 7/2 (if Pa = 2/2) then I{z2 —pi) = 
2e, counter the requirement that pi is distinct from q andp). Therefore, k{pi,p4)k{p2,P3) 7^ and 
then A;('') 7^ 0. □ 



By Propositions 8.6 and 8.5, it follows that, for (7 = 4, 



]c(4) := K[oj]-^^detkij{u;i A-'-Auj^f^ 



is a holomorphic section of Xf^ vanishing only on the hyperehiptic locus, with a zero of order 
4[(3(7 — 3) — {2g — 1)] = 8, and on the locus of Riemann surfaces with an even singular spin 
structure, with a zero of order 1. By Eq.( ^.3(j ), the following relation holds 

k^'^'> = det %(e) , 

ijeh 

where the constant A depends on the moduli. Recently, it has been shown that the Hessian 
detijg/^ Oij{e) plays a key role in the analysis of the Andreotti-Mayer loci at genus 4 and in the 
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corresponding applications to the Schottky problem Q[IO|. Whereas no natural generalization of 
such a Hessian exists at genus 5 > 4, the section k^'^'^ is the g = ^ representative of a set of sections 
k^^^ of a tensor power of Ai on Mg, defined for each even 5 > 4. 

Definition 8.7. Let C be a curve of even genus g > 4. Fix Ng_3 = h^iK^r^) points 
Pi, ■ ■ ■ ,PNg-3 G C and let , be a basis of {Kf7^) . Set 



^9-3 



k^s) := — ^ i 1 '-^{ioi A • • • A ojg)'^^ , 

iV,_3!«[a;](23-7)^(5-2)+(8-g)iv,_3(det0(pi, . . . ,pM,_,)y-' 

where dg := (12 - g)Ng_s + {g - 2)[6ig - 3)(<7 - 4) + 1]. 

Proposition 8.8. For all the even g > 4:, k^^^ does not depend on the points pi, . . . ,PNg_3 G C 

and on the basis ^ of H^{K^~^) and determines a section of on A4g. 

Proof. Choose {g — 2)Ng-s points p\,. . . ^Phg^^ ^ C, i G Ig-2 and note that 



N, 



9-3 



sl,...,s9-2ePjV „ j=l J = l ^ 

9 

is a product of 5 — 3 differentials in eachp*, i € Ig-2, 3 £ ^Ng^s- Such a product is completely anti- 
symmetric with respect to the permutations of each A^g_3-tuple {p\^. . . ,p%^_^), for all i € Ig-2, 
so that it must be proportional to the determinant det 4>{p\, . . . ,p]^ ). Therefore, the ratio of 
Eq.(p^) and 

Yl det,^(pi,...,pV,_3) ' 

ie/g-2 

does not depend on the points p\, . . . ,p]^^_^ € C, i € Ig-2', in particular, by choosing, for each 
j G lNg-3, p] ^ p] = ■ ■ ■ = Pj~'^ = Pj, where pi, ■ ■ ■ ,pNg_3 are the points in the definition 3/7, it 
follows that ]c(s) is a constant as a function of C^^^^ . The proposition follows trivially by Theorem 



8.5 and by the expression (|8.4|) of the Mumford form, with n = g — ?>. □ 



Definition 8.7 and Proposition |8.8| makes sense also at odd genera; however, simple algebraic 
considerations show that, in this case, k^^"^ is identically null on M.g. In general, there exist some 
non-trivial generalizations of ic^^-* at odd genus, but they are not as simple as the ones at even g. 
An example at genus 5 = 5 is 

— ^ — J / e(«)e(j)e(A;)e(/) 

«[cu]84(det(/)(pi, . . . ,pi2))^*'^''=''^^^^ 

■ HPho 1 Pj2 , Pj3 , Pk2 , Pks)k{PU2 , Ph , Pl3)k{Pj4 , Ph , Ph ) 

• k{pj^,Pj^,PkJk{pjg,pj^„,piJk{pj^^,pkr,,Pke)HPji2,Ph,Pi6) 

■ KPkv,Pks,Pkg)k{pk,o,Pkll,Ph)k{Pkl2,Pl8,Pl9)k{Pho^Plll^Ph2) , 

which does not depend on the points pi, ■ ■ ■ ,pi2 G C and corresponds to a section of A]^^^ on Ai^. 
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